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Abstract

We study the spectral heat content for a class of open sets with fractal boundaries determined
by similitudes in R?, d > 1, with respect to subordinate killed Brownian motions via a//2-stable
subordinators and establish the asymptotic behavior of the spectral heat content as ¢ — 0 for
the full range of o € (0,2). Our main theorems show that these asymptotic behaviors depend
on whether the sequence of logarithms of the coefficients of the similitudes is arithmetic when
a € [d —b,2), where b is the interior Minkowski dimension of the boundary of the open set.
The main tools for proving the theorems are the previous results on the spectral heat content
for Brownian motions and the renewal theorem.

1 Introduction

The spectral heat content on an open set D C R? measures the total heat that remains on D at
time ¢ > 0 when the initial temperature is one with Dirichlet boundary condition outside D. The
spectral heat content with respect to Brownian motion has been studied intensively, not only for
domains with smooth boundary (for example, see [5]) but also for certain domains with fractal
boundaries such as the s-adic von Koch snowflake (see [3] 4} [6] [7]).

Recently, there have been increasing interests in the spectral heat content for more general Lévy
processes (see [2, 8, [10, 14]). In [8] the authors studied the spectral heat content for some class
of Lévy processes on bounded open sets in R. In particular, it is proved in [8] (see Theorems 4.2
and 4.14) that when the underlying open set has infinitely many components (or infinitely many
non-adjacent components in the case of the Cauchy process) the decay rate of the spectral heat
content is strictly bigger than that of the spectral heat content with respect to open sets with
finitely many components. Hence, a natural question is to determine the exact decay rate of the
spectral heat content for Lévy processes when there are infinitely many components in D C R.

Many Lévy processes can be realized as subordinate (time-changed) Brownian motions, where

the time change is given by an independent subordinator. Since we need two operations to define
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the spectral heat content for subordinate Brownian motions, time-change and killing, there are two
objects that can be called the spectral heat content for subordinate Brownian motions: One is
related to the killed subordinate Brownian motions (do time-change first then kill the time-changed
Brownian motions when they exit the domain under consideration) and the other is related to
subordinate killed Brownian motions (kill Brownian motions when they exit the domain, then make
time-change for the killed Brownian motions). Even though the spectral heat content for killed
subordinate Brownian motions is a natural object to study as it covers a large class of the spectral
heat content for killed Lévy processes, the spectral heat content for subordinate killed Brownian
motions is also important as it oftentimes gives useful information on the spectral heat content
for the killed subordinate Brownian motions. For example, in [I5] the asymptotic behavior of the
spectral heat content for subordinate killed Brownian motions with respect to stable subordinators
provides crucial information on the spectral heat content for killed stable processes.

In this paper, we study the spectral heat content for the subordinate killed Brownian motions
(see below for the definition) when the underlying subordinator is a stable subordinator
Sle/2) = {S,ga/ 2)}1520 whose Laplace transform is given by

(a/2) a
Bl = x50, a € (0.2) -0

and the underlying open sets have fractal boundaries which are determined by similitudes in R¢.
Our main results answer the aforementioned question and they show that the exact decay rates
of the spectral heat content depend on whether the sequence of logarithms of the coefficients of
the similitudes is arithmetic when o € [d — b,2), where b € (d — 1,d) is the interior Minkowski
dimension of the boundary of the underlying set (cf. below for definition).

The main technique for studying the small time asymptotic behavior of the spectral heat content
for open sets with fractal boundaries in this paper is the renewal theorem in [13]. Two crucial
properties that we need are the additivity property of the spectral heat content under disjoint
union (Lemma and the scaling property of the subordinate killed Brownian motions with
respect to stable subordinators (Lemma. However, in order to apply the renewal theorem, it is
necessary to have an exponential decay condition (see (2.9)) which is only valid when a € (d—b, 2).
In order to establish the asymptotic behavior of the spectral heat content as ¢ — 0 for the full
range of a € (0,2), we will use the weak convergence of Lévy measure (see Proposition [3.7) to
establish the asymptotic behavior for the case when v € (0,d — b). The result is given as Theorem
It is noteworthy to observe that when « € (0,d — b) the theorem is independent of whether
the sequence {In(1/r;)} of the logarithms of the coefficients of the similitudes is arithmetic or not.
The remaining case when « = d — b € (0,1) is proved in Theorems and for the arithmetic
and non-arithmetic cases, respectively. We observe that there is an extra logarithm term In(1/t)
in the decay rate of the spectral heat content when o« = d — b. This is due to the fact that the
heat loss |G| — Q(GQ) (u) for Brownian motions on the open set G with fractal boundaries, where
|G| — Qg) (u) = [ Px(Té?) < u)dx and Tg) is the first exit time of the Brownian motions out of



G, is barely non-integrable with respect to the law of stable subordinator St(a/ ) Note that this

occurrence of extra logarithm term In(1/t) is also observed for smooth open sets in [1I [14], 15], but
it happens at a different index . More specifically, for the spectral heat content on smooth sets
this phenomenon happens when « = 1, whereas for open sets with fractal boundaries as in our
case, this happens when o = d — b, which is strictly less than 1.

The organization of this paper is as follows. In Section [2] we set up notations, define the class of
open sets with fractal boundaries in , and recall some facts which will be used for proving our
main theorems. In particular, we recall the renewal theorem in [I3] and the result for the spectral
heat content for Brownian motions in Theorem [2.4] Section [3]is the main part of this paper and
here we study the spectral heat content for subordinate killed Brownian motions. The main results
are Theorems and This section is divided into three subsections for the cases
a€(d—16,2),a=d—"b,and a € (0,d — b), respectively.

We use ¢; to denote constants whose values are unimportant and may change from one appear-
ance to another. The notations P, and E, mean probability and expectation of the underlying

processes started at z € R%, and we use P = Py and E = Eq to simplify notations.

2 Preliminaries

In this section, we introduce notations and recall some facts that will be used for proving the main

theorems in Section 3.

2.1 Some geometric notions

We first recall some geometric notions and the definition of the class of open sets with fractal
boundaries from [13]. See also [I1}, 12] for more recent developments.
For any bounded (open) set G C R? with boundary G and any ¢ > 0, let

Gt = (g € G : dist(x,0G) < €}

be the interior Minkowski sausage of radius ¢ of the boundary 0G. We denote by u(e;G) the

d-dimensional Lebesgue measure of GI™. For any s > 0, define

M*(5,0G) = limsupe™ @~ u(e; Q)

e—0

and

My (s,0G) = lim iélf e~ =) (e; G).
e—

Following [I3, Definition 1.2}, the interior Minkowski dimension of G (which is also called the
Minkowski dimension of 0G relative to G) is defined by

dim}'(0G) = inf{s > 0 : .#*(5,0G) = 0} = sup{s > 0: M(s,0G) = c}. (2.1)



If, for s = dim{}'(0G), we have 0 < .4 *(s,0G) = M. (s,0G) < oo, then, G is said to be Minkowski

measurable relative to G.
Definition 2.1 A map R : R? — R? is called a similitude with coefficient r > 0 if
|Rx — Ry| =rlz —y| for allz, y € RY.

It is well known (cf. e.g., [9 (1) Proposition] or [13] p.191]) that any similitude is a composition of
a homothety with coefficient r, an orthonormal transform, and a translation.

Now we define the class of open sets with fractal boundaries that we will consider in this paper.
Let Gy € R? be a bounded open set. When d = 1, we assume that Gy is a bounded open interval
whereas when d > 2, we assume that Gy is assumed to be a bounded C!' open set. Let R;
(1 <j < N) be similitudes with coefficients r;, respectively.

For each n > 1, define ¥\, = {3 = (j1,-.-,Jn), 1 < ji < N}. We define the set G by

G= ( fj U %ja()) U G, (2.2)

n=1jeY,

where, for every j = (ji,...,jn) € Tn, %Z; is the similitude defined by #; = Rj, o---o R;,. It
follows from (2.2]) (see also [I3, Equation (1.8)]) that G can be represented as

N
G= ( U RjG> U Gy. (2.3)
j=1
We assume that all the sets R;G, 1 < j < N, and Gy in (2.3) are pairwise disjoint. As in [I3]
Equation (1.7)] we also assume that Z;VZI r? <1l< Z;\le r?_l. Since the expressions in ([2.3)) are
pairwise disjoint, we have
N
d
Gl = 3Gl + |Gol. (2.4)
j=1
Also, the condition Zjvzl 7“? <1l< Zjvzl r?_l ensures that G has a finite volume and there exists
a unique number b € (d — 1,d) such that

dorh=1 (2.5)

Jj=1

It follows from [13, Theorem A] that the number b is equal to the interior Minkowski dimension of
O0G. For more details, see [I3] (pages 193-194).

As an illustration, we consider the following examples. Let Ry and Ry be two similitudes on R
defined by

1 1 2
Ri(z) = 3% and Ra(z) = gaz—f— 3



We take Gg = (3, 3) Then, it is easy to observe that the set defined in (2.2) is given by G = (0, 1)\ €,
where € is the standard ternary Cantor set and G satisfies , and b = log 2/log 3. Similarly, the
open set G C (0, 00)? with the Sierpinski gasket as its boundary can be obtained from Gg being the
open triangle with vertices (1/4,v/3/4), (1/2,0) and (3/4, v/3/4) (notice that the boundary dGy is
not C1) and three similitudes on R? defined by

1 V3
44

The (interior) Minkowski dimension of the boundary 0G is b = log 3/ log 2.

L Raw) = 1x+(

Rl(aj‘) = 5

) and Rg(ﬂj‘):él‘—F(%,O).

2.2 The renewal theorem

Now we state a version of the renewal theorem from [13]. Let f : R — R be a map. For any v € R
define

Lyf(z) = f(z =),

and
Z ¢jlo; f(2 Z cif(z

where c¢; > 0, 7; are distinct points in R with 73 <9 <--- <y, and Zjvzl cj = 1.

Consider the following renewal equation

f=Lf+¢. (2.6)

The question is to find a function f for a given function ¢. Intuitively, it is natural to expect that

the solution of the renewal equation is given by

_ i L7(2) = 6(2) + Z S el Loy, 6(2). (2.7)
n=0

n=1 6117 *5Cip

The following renewal theorem says it is indeed the case under certain conditions. We say a set

of finite real numbers {vi,--- ,yn} is arithmetic if % € Q for all indices. The maximal number
J

~ such that % € Z is called the span of {v1,---,vn}. If the set is not arithmetic, it is called

non-arithmetic.

Theorem 2.2 (Renewal Theorem [13]) Suppose that a map f : R — R satisfies the renewal
equation (2.6) and it satisfies

lim f(z) =0, (2.8)

Z——00

and ¢ is a piecewise continuous function on R satisfying the condition

1p(2)| < cre” 2l 2 eR, (2.9)



for some constants c1,c2 > 0. Then, the solution of the renewal equation (2.6) is given by (2.7)).

Furthermore, if {v;} is non-arithmetic, then

1 oo
f(z) = w/_oo ¢(z)dz + o(1), as z — 0.

If {v;} is arithmetic with span v, then

f(z) = S — d(z — k) +0(1), as z — oo.
S e k_z_:oo

2.3 The spectral heat content of subordinate killed Brownian motions

For an open set D C R?% we define the spectral heat content for Brownian motion W = {Wi}i>0 on
R? as
(D2)(t) = / Pm(Tg) > t)dz, 71(72) =inf{t > 0: W; ¢ D}.
D

We record the following lemma from [13, Lemma 4.4]. Note that there was a typo there and r?
in (4.7) should be written as r?.

Lemma 2.3 (Lemma 4.4 [13]) Let D be an open set in R and R be a similitude with coefficient
r > 0. Then,

Qb (1) = QP (/r?).

Proof. In [13], it is stated that this lemma can be proved by change of variables. For convenience

of readers, we provide a probabilistic proof. We first show that

ng)j under Pg, is equal in distribution to 7"27'182 ) under P,.

Recall that any similitude R is a composition of a homothety with coefficient r, an orthonormal
transform, and a translation, so that we write R as R = S, 7,0, where S,.(z) = rz, T,(x) =z — a,
and O is an orthonormal transformation in R? with z,a € R%. By the scaling property of Brownian
motion W = {W;};>0 we have W, 4 S, W,,—>. Hence, by letting u = tr—2

72 = inf{t > 0|W; ¢ RD} = inf{t > O|R"'W; ¢ D} under Pg,
L inf{t| R"1S,W,,—» ¢ D} = r*inf{u > 0| R"1S,W, ¢ D} under Ps, , g, = Pos—q.
It is elementary that R~! = Sl/rT_OflmOfl and R™1S, = Sl/rT_quO*lST = Sl/,,T_Ofl,,aSTO*1

Sl/TSTT,O_laO_l =T_p-1,07". Observe that under the law Po, o, T_o-1,07'W, ¢ D if and

only if W,, ¢ OD — a, which in turn is equivalent to W,, ¢ OD under Pp,. Hence, due to the

.. . 2 . . 2
rotation invariance of W, T}{ 1)) under Pg, is equal in law to 7‘27'1()) under P,.

Now by the change of variable z = Ry
(2) 14y — P.(+?) — [ p (2) dgy — rd | P (7232 _ .d~2) 2
rpt) = i o(Tpp > t)de = i ry(Tpp > trfdy =7 i y (T > t)dy = QY (t/r%).
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We recall the following theorem for the spectral heat content for Brownian motion from [I3]
Theorem D]. Note that we found several typos in the statement of [I3, Theorem D]. Readers who
are interested in the proof could consult the proof of Theorem with a = 2.

Theorem 2.4 (Theorem D [13]) Let G be a set defined as in (2.2) with R; being similitude with
coefficient rj, and Gy is either a bounded open interval when d = 1, or a bounded ChHl open set
when d > 2.

1. If {ln(%)}é\le is non-arithmetic, then ast — 0,

00 — d—b
e J5? (1Gol = Q) (w)) u=+ ) du

Q(G?)(t) = |G| - ot's" +o(t 2 ), whereC = N 611
Zj:l ’l”j h’l(é)

2. If {ln(%)}jvzl is arithmetic with span p, then ast — 0,
J

—b

QY (1) = |G| - s(~Int)t T +o(t"),

where the function s(-) is defined by

o0

2p (2) (,—(2—2np) d=b (z—2np)
s(z) = 1Go| — Q¢ (e P))ez P,
> ()P (s > | @ )

) n=—00

Now we introduce the spectral heat content for subordinate killed Brownian motions. Let W =
{W;}+>0 be a Brownian motion in R? and let S(®/2) = {St(a/Q)}tZO be an («/2)-stable subordinator
with Laplace transform given by , which is independent of W. Let D be any open set in R%.
Then, the spectral heat content Qg) (t) for subordinate killed Brownian motions with respect to
stable subordinator S(®/2) on D is defined by

Q' (t) = / P, <T§) > St(a/Q))dx, (2.10)
D

where Tg) =inf{t >0:W; ¢ D}.
We will need the following important properties of Q(Da) (t): One is the additivity under disjoint

union and another is the scaling property.

Lemma 2.5 Let Dy, Dy be open sets in R with Dy N Dy = 0. Then, for o € (0,2)

Q%p, () = Q%) (1) + Q%) (t).



Proof. Note that

QS?UDQ (t) = /

2 a/2
P, (Tl()l) Dy > St( / ))dx
D1UD>

_ (2) (2/2) (2) (er/2)
= /D1 P, (TD1UD2 > S, )d:v + /D P, (7’D1UD2 > S, )dx.

2

Note that under P, with « € Dy, the continuity of the sample paths of W = {W; };>¢ implies that
75 p, =f{t > 0: W, ¢ DyUDs} =inf{t > 0: W, ¢ Dy} =13,

Hence, we have

/ Py (Tgl)UD > S(a/2)>d$ = / P, (Tgl) > St(a/Q))dx = Q(Dal) (t).
Dy D

1

It can be proved in the same way that the integral on Dy gives Q%);) (t). O
Remark 2.6 Let QD = fD (T(Da) > t)dx be the spectral heat content for killed stable pro-

cesses, where Tl()) is the ﬁrst exit time of the a-stable process Wg(as2) = {Ws(a/m}tzo. This is the
t

spectral heat content related to the killed subordinate Brownian motions by stable subordinators.

Note that for disjoint sets D1 and Do we have

_ (a) _ (c) (a)
Q) p, (1) = /D . P75, > t)dz = /D P(7iep, > t)dx+/D P(riilp, > t)dz
1 2 1 2
> / P(rf) > t)dx+/ P(rls) > t)dr = Q5)(1) + Q) (1),
D1 D2

Furthermore, the inequality can be strict as Téoi)u Dy * T(DO;) when the process starts at x € Dy because
the process starting at x € Dy can jump into Do without visiting the complement of D1UDy. Hence,
the spectral heat content for killed subordinate Brownian motions does not satisfy the additivity

property under disjoint union.
Lemma 2.7 Let R be a similitude with coefficient r and D is any open set in R, Then, we have
Q) () = QW (t/r), t>o0.

Proof. From the proof of Lemma 7'1(?% under Pp, is equal in distribution to 7‘27'(D2 ) under P,.

By the change of variable x = Ry and the scaling property of St(a/ 2)

Q(a)( t) = / P, (7'1(;521% > St(a/Q))dﬂs = / Pry (7'1(:521% > St(a/2))rddy
RD D
= / P, (7"27'1()2) > St(a/z))rddy = / P, (Tg) > r*QSt(a/?)>rddy
D D
:/ P ( @) 5 SE%?) ridy = rdQ(g)(t/To‘).
D

This proves the lemma. O

we have



3 Asymptotic behavior of the spectral heat content

3.1 The case of a € (d—b,2).

Analogous to [13, Theorem D], we will prove that the spectral heat content Q(Ga ) (t) as defined in

(2.10)) has the form

d—b d—b

a ot o),

Q' (1) = 1G] — f(~In1)t
when « € (d — b,2), where b is the constant in (2.5). We start with the following lemma.

Lemma 3.1 Assume that o € (d — b,2). Suppose that Gy is an open interval when d = 1 or a
bounded C™' open set when d > 2. Define

A —z d=b,
0(2) = (1Go] = Q) (e™)) e,

Then, there exists a constant ¢ = c(a, b,d, |Go|) > 0 such that
0 < (z) < ce ! for all z € R.

Proof. We define
o(t) = (1Gol - Qi) (1) 175, t>0.
Notice that for ¢(t) > 0 for all t > 0 and (z) = ¢(e™*) for each z € R.

The case when z < ( is easy since we have
_d=b
0 < o(t) <|Gol|t™ =

and this gives
¥(z) = dle?) < |Gole="* = |Gole™ = I

for all z <0 and « € (0,2).

Now we handle the case when z > 0, or t = e % € (0,1). First, assume that o € (1,2). Since
Gy is an interval when d = 1 or a bounded C!! open set when d > 2, it follows from [14, Theorem
1.1] that there exists a constant ¢; > 0 such that

Gol — Q& (t) < ext'/®

for all 0 < ¢ < 1. Hence,
(b41

G(t) < et e for 0 <t < 1. (3.1)

Since b € (d — 1,d) we note that W > 0. We conclude that for all z > 0, by applying 1)
with t = e™%,
Y(z) =¢(e™*) < el L eR,

btled dobys g,

where ¢y = max(c1, |Go|) and ¢3 = min(==, “



Second, when a = 1 we have from [I4, Theorem 1.1]
Gol — QE)() < extIn(1/1)
for all 0 < ¢t < 1. Hence,
B(t) < ot In(1/t) = etV In(1/t) for 0 <t <1,

and this implies
Y(z) = ¢ple™) < coze > 17D for 2 > 0.

Since b + 1 — d > 0 there exists ¢4 and 1 > 0 such that
Y(z) < cge”  for all z > 0.
Finally, we handle the case when a € (d — b,1). From [14, Theorem 1.1] we have

|Gol — Q&) (1) < est

a—(d—b)
for all 0 < ¢ < 1, and this implies ¢(t) < ¢5t” a  fort < 1, which in turn implies (z) <
a—(d—b)
cse” o “for z>0. O

We will make use of the following simple lemma on the continuity of the map ¢ — Q p(t) which
is proved in [I0, Lemma 3.11].

Lemma 3.2 For any open set D with |D| < oo, the map t — Q%é) (t) is continuous.
Here is the main theorem for the case of o € (d — b, 2).

Theorem 3.3 Let a € (d — b,2), where b is the constant in (2.5) and G is a set given in (2.2))
with Go being an open interval when d = 1 or a bounded C*' open set when d > 2. If {In %}é\le 18

non-arithmetic, then we have

QW (t) = |G| - Cut"a +o(t's") ast—0, (3.2)

where
R (160 - Q™) e dz_ Ji® (160l - QG (0) 7" de

S rtn(1/re) S rtn(1/re)

If {In % §V:1 1s arithmetic with span p, then we have
QW () =G| — f(=Int)t"e +o(t"s") ast — 0, (3.3)
where -
1) = et > (1G] - Q&) o)) e en),

ijl 7"? ln(l/r;?‘) Mt

10



Proof. We denote by f(-) the function on R such that
() a=b
QY () = |G| — f(=Int)t'a forall t> 0. (3.4)

We will show that f satisfies the renewal equation ([2.6)) and the conditions in Renewal Theorem
Since G' = Uévzl R;G U Gq and all expressions are disjoint, it follows from Lemmas and
that

N
Q5= QX 5 g, = 2@ Qe EjWQGtﬁ>+QG<> (3.5)
j=1 j=1
It follows from ({3.4]) and (3.5) that
T NV
Kﬂ—ﬂ—mwﬁl=§:ﬁ<@%¢(—h%ﬁ))6@) )+Q“N>
=1 J J
al al J 1 d—b ~
= e -t f( —Int—1In (Tq))ta + (1Gol = (IGo| = Q&) @)) -
4 - <

By combining this with (2.4), we conclude that

N

f(=Int) :Zr?-f(-lnt—ln(

j=1

;)) + (),

J

where
b

o(t) = (1Gol - Q5 (1) 5"

By changing the variable z = —Int, we have

:ér?- <z—ln(1>>—i—¢( ), (3.6)

J

Thus, the function f satisfies the renewal equation.
Note that from (3.4)) and Lemma (exponential decay of ¥(z)) we have

lim f(z) = Jim f(~Int) = Jim (]G] - Q' (1)t~ =0,

Z——00

and this shows that the condition (2.8]) holds. It follows from Lemma that for any o € (d—b,2)
there exist two constants ¢y, co > 0 such that

P(z) = ple™®) < cre”??l for all z € R,

and the condition (2.9) holds.

11



Therefore, by Renewal Theoreml we see that if {ln N | is non-arithmetic, then as z — oo,

1 (d—b)=z

= - —O0We ) e dz 4o

j=1"j

This, together with ( ., implies (|3

On the other hand if {ln i ", is arithmetic with span p, then {Iln a} ", is arithmetic with
span ap. Therefore, follows from the arithmetic part of Renewal Theorem n and f(z) is a
periodic function with perlod ap. O

3.2 The case of a =d —b.

In this subsection, we study the case when o = d — b € (0,1). We need a simple lemma which is
similar to [14, Lemma 3.2]. The proof is essentially the same with obvious modifications and will
be omitted.

Lemma 3.4 For any 6 > 0 and a € (0,2), we have

E|($072)2,0 < 8P < o172/ )
li = :
150 In(1/%) T(1-2)
Theorem 3.5 Let o =d—b € (0,1), where b is the constant in (2.5) and G is a set given as ([2.2))
with Go being an open interval when d = 1 or a bounded C1' open set when d > 2. Assume that

{ln(l/rj)}j-v:l is arithmetic with span p. Define A = sup,cg 5(2) and B = inf,cR s(z), where s(z)
is from Theorem [2.]).

(1) Let g(t) := fg%/a s(—ln(tQ/O‘v))va/Q]P’(Sfa/m € dv). Then, we have

61— Q) = t9(6) + oft (11 87
(2) We have : (
i 9(t) = 4 an imin 9(t) = B
sy ~“rta-9) ™ Loy T ooy (38)

Proof. Note that by the scaling property of St(a/Q)

G- Qg 1) = /00o (161 - Q@) P(S{*? € du) = /Ooo (161 - Q2 (1%/°0)) B(S*/ € dv)

we have

t—2/a

=

(161~ QR /o)) B cav) + [ (161- QR (1)) B[ € av)
2/«
|

=2/ G

|- QY (t*/v)
(t2/o0) 5

-
_ / (/%) T B(SD  du) + / (161 Q€@ 0)) (s € av).
0 t72 e

12



Hence, we have

2

+ / (|G| - Q(G%)(t?/%)) P(S\? € du).
t

_ t—2/ G 2/a deb o
G- -t [ (] '(tz/%)(fb Do s Jo TR € )

—2/a

It follows from [14, Equation (2.8)] we have

/ (|Gy @) (2o )) PS5 € du) < c/ IGlu™'"%du = o(tln(1/t)).  (3.9)
t—2/c t—2/c
In this case, by applying Theorem [2.4] we have
G _ (2) t2/a
Gl = Qg (d_b v) = s(—In(t¥*v)) + o(1) as t— 0. (3.10)
(t2/a1))T
From (3.10)) for any € > 0 there exists to(e) such that
$2/0y,
1= (d . ) _ s(—In(t¥*v))| < e
(tZ/a?}) 3

for all t < ty. Hence it follows from Lemma [3.4] that

@ (2) 42/
el (L) — (- (o)) o T RS € dv)

lim sup (t2/ov) 2
-0 tin(1/t)
2 o (a/2)
, fy 0 PP(S1 € do) S
< elimsu .
- t—0 P In(1/t) - ri- %)

This establishes (3.7)).
For (3.8]), notice that

. t—2/ _ 0@ 2/
a-ago= [ Oy s <

d—b

t2/ay) "3
o
+ / (|G| ng?)(t?/%)) P(S\*? € qu).
t—2/«a

As in (3.9)) the second expression above is o(tIn(1/t)) as t — 0. For any € > 0 it follows from (3
\G| QE (/)

we have S < A+¢ for all sufficiently small ¢. This fact, together with (3.7) and Lemma
(2/o0) 2"
[3-4] gives
(o)
t A

lim sup 9(t) :limsup| | Q ®) < +d€—b .

Since € > 0 is arbitrary, we conclude that
G- QW A
lim sup 9(t) = limsup Gl -9 () < = (3.11)
t—0  In(1/t) t—0 tin(1/t) (1 - %2)
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For the lower bound, it follows from Theorem that for any € > 0 there exists a sequence t,, — 0

such that
G| — QY (/")

> —E.
@
Hence, from Lemma (13.9), and (3.11)) we have
lim sup 79@”) = lim sup —|G| — ng) (tn)
n—00 ln(l/tn) n—00 ty ln(l/tn)
e A—c¢
> (A —¢)limsu / vEP(S\? € dv) > —
2 ( )n—>oop0 (51 )_F(l—%)
Since £ > 0 is arbitrary, we have
A
lim sup 9(t) > (3.12)

2oL/t < T(1 = &by

T2
Hence, the limsup version of (3.8]) follows from (3.11)) and (3.12]), and the liminf version can be
proved in the same way. O

Here is the result for the non-arithmetic case. The proof is very similar to the proof of Theorem
hence it will be omitted.

Theorem 3.6 Let o =d—b € (0,1), where b is the constant in (2.5)) and G is a set given as ([2.2))
with Go being an open interval when d = 1 or a bounded C'' open set when d > 2. Assume that

{11r1(1/7'j}§\[:1 is non-arithmetic. Then, we have

G =YY@y 1 > @ _y_de

3.3 The case of a € (0,d — b).

Now we handle the case when « € (0,d—b). The following proposition is proved in [10, Proposition
3.12].
f(z)

Proposition 3.7 Let f be a bounded continuous function on (0,00) such that liﬁ)l — exists as a
T Z

finite number for some constant v > 5. Then, we have

[ P(S? e qu) a oo e
1 = .
im [ )= g [, S

Theorem 3.8 Let a € (0,d — b), where b is the constant in (2.5) and G is a set given as ([2.2))
with Go being an open interval when d = 1 or a bounded C1' open set when d > 2. Then, we have
G-08W e @)y 1s
i ¢ Tar(i - “)/o (161 = Qg (w) w™"=du.

2
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Proof. Notice that we have

Gl - QW (1) = /0 (1G] - Q2 (u))P(57> & du).

It follows from Theorem that there exists constants ¢; such that

G| - QP (u) < cyuz for u < 1.

Since a € (0,d — b), we can take v € (§, %) and this implies

al— o®
e e@w
u—0 uY
Now the conclusion of the theorem follows immediately from Proposition O
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