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Abstract

We investigate the 3rd term of the spectral heat content for killed subordinate and subordi-
nate killed Brownian motions on a bounded open interval D = (a, b) in a real line when
the underlying subordinators are stable subordinators with index o € (1,2) ora = 1. We
prove that in the 3rd term of the spectral heat content, one can observe the length b — a of
the interval D.
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1 Introduction

The classical spectral heat content Qg) (t) measures the total heat that remains on a domain
D with Dirichlet boundary condition and unit initial heat. The spectral heat content can be
written in probabilistic terms, and it can be defined as

0% ) :f P, (fl(? > z) dx,
D
@

where 7" = inf{t > 0 : W; ¢ D} is the first exit time from D by a Brownian motion W =
{W:};>0. When the Brownian motion is replaced by other Lévy processes, the corresponding
quantity is called the spectral heat content for the Lévy processes. It was recently studied
intensively in [1, 2, 9].

One of the most commonly used jump type Lévy processes is the symmetric stable pro-
cesses of index a € (0, 2]. When o = 2, it is a Brownian motion whose sample paths are
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continuous with the characteristic exponent being E [e’S Wf] = ¢ %" Whena € (0, 2), they
are pure-jump processes. Stable processes are in fact a special case of subordinate Brownian
motions which are time-changed Brownian motions whose time change is given by stable

subordinators S,(a/ ? with Laplace exponent given by
E [e*)hsl(u/z)] _ eit)‘u/z, A= 0.

When one studies the spectral heat content of subordinate Brownian motions, one needs
to consider a time-change by a subordinator and killing the process when it first exits the
domain under consideration. When we first do time-change and kill the processes, it is
called killed subordinate Brownian motions and when we first kill the Brownian motions
when they first exit the domain and do time-change into the killed Brownian motions, it
is called subordinate killed Brownian motions. These two processes are closely related,
and sometimes understanding the spectral heat content of one process helps understand
the other. The spectral heat content for killed subordinate Brownian motions, when the
subordinators are stable subordinators (killed stable processes), were studied in [1, 2], and
the spectral heat content for subordinate killed Brownian motions were studied in [11]. In
those papers, the authors found the asymptotic expansion of the spectral heat content up to
the 2nd terms.

The purpose of this paper is to refine these results and find the 3rd terms of the spectral
heat contents Q(g) (¢t) and Q(g) (1) for subordinate killed Brownian motions and killed sub-
ordinate Brownian motions, respectively, in a bounded open interval D = (a, b) C R, when
the subordinators are stable subordinators for « € [1, 2). The main results of this paper are
the followings. The explanation of notations of theorems will be postponed to Section 2 to
introduce main results as quickly as possible. All asymptotic notations are as ¢ |, 0.

Theorem 1.1 Let D = (a,b) C Rwitha <b < oo, |D| =b —a, and |0D| = 2.
(1) Leta € (1,2). Then,

DI - 05y =E[X\” ] 1aDIs"* <;>a St o(t). (L)
2

(@ — Dr'/2T" (1= %) |IDJ*~
(2) Leta = 1. Then,

Dl - 0V () — Ljappm (1
b P t

1 In|D 00 1
= 19D (/ (xﬁ” )du+ nl |+/ P(Xﬁ” )—du)t-l—o(z). (12)
0 /g 1 Tu

Theorem 1.2 Let D = (a,b) C Rwitha < b < oo, |D| =b — a, and |0D| = 2.
(1) Leta € (1,2). Then,

Zafooo]P’(Wl Zu)u"‘ 1

(@— DI (1-%) D!

A (@) _ 772 o u
ID|— Q% () _E[WS](CE)] oD/ — t+o(). (1.3)

(2) Leta = 1. Then,

DI~ 00— 2jaDlrn (1)
D 7 t
1
= |0D| (/ IP(W (l) )du+ 2In|D| f IP’(W (4) >u> — 2du>t+o(t). (1.4)
0 S 2 T 1 s 2 Tu
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Higher Order Terms of the Spectral Heat Content...

Remark 1.3 When o € (0, 1), the asymptotic expansion for the spectral heat contents
Q(g)(t) or Q(g) (¢) are only known up to the second terms (see [2, Theorem 1.1] and
[11, Theorem 1.1]). Asking the third terms when o € (0, 1) is definitely a very interesting
question, and we intend to deal with this question in a future project.

Studying higher order terms is not only an interesting question in itself, but we could
also observe that there are some different patterns in the asymptotic expansion of the spec-
tral heat content for Brownian motions and other Lévy processes by studying higher order
terms. For Brownian motions, it is well-known that for smooth domains D, the spectral heat
content has the asymptotic expansion of the form |D| — Qg) (t) ~ Z;’;lant%, where a,
has some geometric information about the domain D such as perimeter or mean curvature.
Hence, it is natural to conjecture that at least when o € (1,2), the spectral heat content
for stable processes is of the form |D| — Q(g) t) ~ fo:lbntg. Theorems 1.1 and 1.2 say
this is not the case and the asymptotic expansion involves terms that cannot be written as
to. Also, we observe that the 3rd term involves the length b — a of the underlying interval
D = (a, b), hence one can determine the domain D uniquely up to locations, when D is a
bounded open interval in R from the spectral heat content.

In this paper, we focus on the spectral heat content in dimension one. The geometry
of open intervals in R is simple enough to allow to perform detailed computations, and
this could be helpful to extend results of this paper into more general settings, such as the
spectral heat content in higher dimensions or with respect to more general processes. These
problems will be studied in forthcoming projects.

In order to prove the first part of Theorem 1.1 (¢ € (1, 2)), we analyze the difference

|D| — Qg)(t) —E [Yia)] |aD|¢l/ directly and prove that it is of order ¢. Hence, the proof
is quite straightforward in this case. For the second part of Theorem 1.1 (¢ = 1), the com-
putation becomes delicate because of the logarithmic term #1In(1/7). We utilize the exact
form of the density of the supremum process Y:l) = sup,, Xs(]) in [8] to compute the
difference P (Yil) > u) — # for large u, prove that main terms of order 7 In(1/¢) cancel

out each other, and finally show that the remaining terms are of order ¢. In order to prove
Theorem 1.2, we follow a similar path as Theorem 1.1. For the first part of Theorem 1.2
(o € (1, 2)), we reprove [11, Theorem 1.1] when D = (a, b) and « € (1, 2) using a proba-
bilistic argument in Theorem 4.3, which is similar to [2]. We would like to mention that in

Theorem 4.3, we express the 2nd coefficient of | D| — Q(g) (¢) by means of the probabilistic

term E [st“/z)]’ which is more natural than other previously known expressions (com-
pare it with [11, Theorem 1.1]). In order to prove the second part of Theorem 1.2 (¢ = 1),
we establish the tail probability P (Wst(am > u) for u > 1 in Proposition 4.7, which is
an amusingly simple expression. Once having established Proposition 4.7, it is straightfor-
ward to compute the difference P (W g2 > u) - % for large u. Then, we prove that main

terms of order # In(1/¢) cancel out each other again, and show that the remaining terms are
of order ¢.

The organization of this paper is as follows. In Section 2, we introduce notations and
recall some preliminary facts. In Section 3, we study the spectral heat content for killed
subordinate Brownian motions and prove Theorem 1.1. The first part of Theorem 1.1 is
proved in the Section 3.1, and the second part of Theorem 1.1 is proved in the Section 3.2.
In Section 4, we study the spectral heat content for subordinate killed Brownian motions,
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and prove first and second parts of Theorem 1.2 in Sections 4.1 and 4.2, respectively. The
notation [P, stands for the law of the underlying processes started at x € R, and E, stands
for expectation with respect to PP,. For simplicity, we use P = Py and E = Ey.

2 Preliminaries

In this section, we introduce some notations and define the functions to be studied in the
later sections. All stochastic processes and domains are one dimensional objects.

Let W = {W;};>0 be a Brownian motion in R. The density of the gaussian random
2
. . S I =R .. . .
variable W; is p(t, x) = Tl with the characteristic function given by

E [eifwf] —e ' EcR

The supremum process W = {W,}, _, of the Brownian motion is defined by W; =
sup, <, W. It follows from [10, Theorem 2.21] that W, | and W, have the same distribution.
Let §©@/2) = {S,(a/ 2 } o be an «/2-stable subordinator. That is, S/ is an increasing

>

Lévy process started at zero whose Laplace exponent is

(@/2) «
E [e—”r ] S ) @.1)

It follows from Eq. 2.1 that S,(a/ ? and 124§ l(“/ ? have the same distribution for any

t > 0. The subordinator §*/? is an increasing process started at 0, and for this reason it
plays a role as time. By doing an elementary integral, it is easy to check that

oo
o2 )/ (1—e)7"%d1, 1 >0,a€(0,2).
0

)\’D(/2=
rit-3

This shows that the Lévy density j55 (u) for (/2 is
a2

.S —1-2
J7P W) = ———~u 2, u>0. 2.2)
r-2)

It follows from [11, Equation (2.3)] or [7, Equation (18)] that the density gga/ 2 (x)of § fa/ 2
exists, and is given by

o0 an
@, _ I D+ (Mn) _an_
g (x)_nZ( 1) S sin(—=)aTE T x=0. @23)
n=1
It follows from the scaling property (2.1) that we have
2 — 2 X
gt(ol/ )(x) =t 2/(xg§0t/ ) (m) . (24)

Now we define subordinate Brownian motions. Let W and S/ be Brownian motions
and stable subordinators defined on some probability space. Assume that they are indepen-
dent. Then, the subordinate Brownian motions by the subordinator S@/?) are the following
time-changed Brownian motions:

o
X,( ) = S’(a/2).
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Sz(a /2)

By conditioning on , one can observe that the characteristic function of time

changed process X @ = {X,(a)} 0= {Ws(a/z)} 0 is given by
> ' >

E [eisxﬁa)] —F [6i§wst(a/2)] —F [e_s'(améz] =" g eR, 2.5)

and this shows that X(® are symmetric stable processes of index . From Eq. 2.5, we
observe that X® has the scaling property; X\* and r!/* X }“) have the same distribution for
any ¢ > 0. The Lévy density jS5 (x) of X@ is given by (see [6, Equation (1.3) and (1.22)])

sp Alo 29— 11-(]+ot>
j = — . Ay = ———. 2.6
J7T ) BED Le = T =) (2.6)

Let D be an open set in R, and define Tg") =inf{t > 0: X\* ¢ D} be the first exit time
from D by X @, The killed processes X P = {X,(a)’D} , e defined by
=

X(a)’D _ Xt(a) ift < ‘L'(Da)
! d ift > r(a)

where 9 is a cemetery state. The process X P will be called killed subordinate Brownian
motions (by stable subordinators @/ 2)), since we first subordinate (time-change) Brown-
ian motions, then kill the process when they exit the domain. We can exchange the order
of time-change and killing, and the corresponding process will be called subordinate killed
Brownian motions ((by stable subordinators @/ 2)). More precisely, let rl()z) =inf{t > 0:
W; ¢ D} be the first exit time from D by Brownian motions W. Define killed Brownian

motions WP = {WP} _as

W D _ W[ ift < T(Z)
! a ifr> 1(2)
Now the subordinate killed Brownian motions (WD ) sy = {(WD ) S(a/z)} 0 are
t 1=
defined by

(WD) Ws(a/z) if S,(a/z) < Tl()z),
= 1
s o if % > 2.

The following graph illustrates sample paths of X2 and (W?) ) starting from x
when D = (a, b), where the straight lines represent the sample paths of Brownian motions,
the circles represent the sample paths of (WD ) /2> While the circles together with the

rectangles represent the sample paths of X @2,
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b
VA
a

Sample paths of (WD)S(Q/Z) and X @-P

Let¢ = inf{r > 0: (W”) a2 = 9} be the life time of (W) ;a2 . Then, we have
r 1

{¢ >t} = [‘L’g) > St(a/z)].
Clearly, we have {¢ >t} C [rl()) > t] and the inclusion can be strict.

+ (@

We define the supremum processes X {YEQ)} o of the stable processes as
>

Y?a) = sup X(“) = sup WS<a/2) 2.7

u=<t u<t

Similarly, W g = {WSW) } are defined by
t >0

Ws(u/z) = sup W,. (2.8)
’ @/2)
u<S;
It is noteworthy to mention that even though two expressions X ® and Wg(@/2) mean the
same objects, stable processes of index o, the supremum notations Y(a) and Ws(am are
different, and we always have Y <w sl The infimum processes W, X, and W W@

are defined in similar ways with the supremum being replaced by the infimum.

Finally, we define the spectral heat content Q(a) (t) and Q(“)(t) for killed subordinate
Brownian motions and subordinate killed Brownian motions. The spectral heat content

Q(g) () for killed subordinate Brownian motions is defined by
0% ) ;=/ Py (zS > t)dx,
D

and the spectral heat content Q(g) (#) for subordinate killed Brownian motions is defined by

09 ) ;=/ P.(¢ > t)dx =/ P, (r}f) > S,(“/Q)) dx.
D D
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Since {¢ >t} C {t(Da) > t} we always have

0% < 0% .
When X@ starts at x € (a, b), we have

{rg‘) < t} = [Y[(a) > borgga) < a}.

It follows from the scaling property and the symmetry of X @, an elementary probability
law P(A U B) = P(A) + P(B) — P(A N B) for any events A and B, and the change of
variable u = (b — x)t~ 1% and v = (@ — x)t~1/*, we have

b
D= 050 = [ Py <ndx = [ B (X 2 bor X <a) dx
D a

- /abP(Xf“) Zb—x)dx—i-/b]P(X(O‘) a—x)dx

a

b
—/ P, (Yia) > b and Xt(a) < a) dx
a
b
= / ]p( X > b — x)t—l/oz) dx + f P (Xﬁ“) <(a— x)t—l/oz) dx
a a

"o (7@
—/ ]Px( ‘ >bandX(a)<a)dx
a

b=a 0
T/a —
tl/“/’ P(X, > u)du—l—tl/“/[ P (X <v)dv
0 b—a

/e

"o (7@
—f P (X" z band X < a)dx
a

b=a b
T/a — g
- 2;1/“/’/ P (X, > u)du —/ P, (X,(“) > band X < a) dx. 2.9)
0 a

3 Spectral Heat Content for Killed Subordinate Brownian Motions
3.1 Case:ax €(1,2)

We start with a simple lemma. Let p,“) (x) be the transition density (heat kernel) for X, @
Note that the following heat kernel estimate is well-known (see [5]);

—1{ ,—dy ! o) —d/ !
(t Ot/\7|x|d+a>_p, (x)<c<t "‘/\|x|d+a) 3.1)

for some constant ¢ > 1.

Lemma 3.1 Suppose that 1 < a < 2. Then

(01) _ 1
i e f(zo_a)t_uﬂ P (Xl )du 2e—lp (%)
m = .
1—0 t (= DA20 (1 - 2) (b —a)!
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Proof 1t follows from L'Hopital’s rule, the scaling property of X ,(a), [3, Proposition VIII 4],
[12, Corollary 8.9], and (2.6) that we have

) f(zo—a)t—l/ﬂt P (Yia) > u) du ) (b a) P (Xia) > (b — a)t_l/a)
lim = lim

t—0 tl=1/a T 50 a—1 t

(b_a)IP’(X,(a)>b—a>

(b —a) P (Xia) > (b — a)t’l/"‘)

-0 a—1 t -0 a—1 t
b o (@) b— © A
o Cm (2 PP —a) .
-0 a—1 b—a t oa—1 b—a ul+a
—1p [ 1+
B 2er (152)
(@ —Dr'2r (1- %) (b —a)*! 0
Lemma 3.2 Let o € (1,2). Then, for any t > 0, we have
b 1+4
— 1 o —
/ P, (X,( > b and X(a) < a) dx < 2 g [X(la)]
a (b —a)

for some constant ¢ > 0.

Proof Define
T = inf[u : X,(f‘) > borX,E"‘) < a} .

Clearly, 7 is a stopping time with respect to the natural filtration 7 = {F;};>0. When the

process X@ gtarts at x € (a, b), we have
{Y(a) > band X\ < a} = {r < t,Y,(a) >band X\ < a}

t

= {‘[ < Z,Xi") fa,yt(a) > bandﬁa) <a} u {7: < t,Xﬁ“) zb,f,(a) > bandX,(a) < a}

clr<t sup X("‘) - x§“)> > bfa} U {r <1, inf (xg‘”) - xgw) < f(bfa)}

7:<v<t T<s<t

O<s<t

() : (@)
i <t, sup Xs‘j"_r - X(O‘)) >b a} U {r < t’ogi (X’A‘_),‘_I — X(a)) < —(bfa)}
<

t, Y,>h—a}U{r<t Y, <—(b—a)}

where ¥, := X 1(40-[5-)1 X ia). By the strong Markov property, Y has the same distribution as
X @ started from 0, and is independent of F;. Hence, for any x € (a, b), we have

Py (Yfa) > b and Xfa) < a)
< IPX(‘L' <t,Y; >b—a)+IF’x(r <t Y, <—(b—a))
Py(t <P (Y, >b—a) +Pi(t < HPY, < —(b—a))
= P.(z <r)19>( )>b—a)+IPx(r <r)1p(g§“) < —(b—a))

(a

— 2P, (1 < t)]P’( X 5 b—a), (3.2)
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where we used the fact that Y;a) and —X, ;a) have the same distribution because of the
symmetry of X (@),
From the scaling property of X (@, (3.1), and [2, Proposition 2.1], we have

b— b— %0 1 ot
IP’( X >b- ) P(X@ > 22 <op(x0s 221 §c1/ —du<—2 . (33)
1/ tl/e (b—a)yi—1/a ul+e (b —a)*

When X starts at x € (a, b), we have

(t <t} = {Y;a) >bor X <a}.

Hence, from Eqgs. 3.2 and (3.3), we have

b @ @ at (P —@ @
/IP’X(Xt > band X, <a)dx§(b = )afIP’x(X, > borX; <a)dx
u —a

g(bcjta)agbpx( ,“")>b)dx+/1£» (g}“ka)dx).

By the scaling property of X and the change of variable u = (b — x)t~!/%, we have

S (X = b)dx = [2B (R0 > @ — Vo) = e 070 (X = ) du < VB[R]

Similarly, by the change of variable v = (x —a)¢~!/%, and the fact that X, and —X, have
the same distribution, we have

b b @
/ P, (&,(a) <a)dx = / ]P’(Xl > (x —a)fl/“)
a a
(b—ay~1/e
= tl/"‘/ ]P’(X(la) > u) du < tl/"‘IE[ (a)]
0

Now the conclusion follows immediately. O

Now we are ready to prove the first part of Theorem 1.1.

Proof of (1.1)
From Eq. 2.9, we have

ID| - 0% 1) —E [ (“)]|BD|t1/“=be(rg‘>gz)dx—E[ (‘”]wmt‘/a

a

w

a

b
= 2t1/°‘/ ]P’(X(la) )du —/ P, (Y;a) >band X' < a) dx
0 a
o0
—2t1/°‘/ ]P(xﬁ“’ )du
0

00 b
=2 [P (X > ) du - / P (X" > band X{ < a)dsx. (3.4)
a

b—a
/e

Now the conclusion follows immediately from Lemmas 3.1 and 3.2. O

3.2 Case:ax =1
In this subsection, we study the asymptotic behavior of the spectral heat content for killed

subordinate Brownian motions (killed stable processes) when o = 1. We start with a lemma
that is similar to Lemma 3.2.
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Lemma 3.3

/hIP’x< §)>bandX()<a>dx— (tzln(l/t)> ast — 0.

Proof The proof is similar to the proof of Lemma 3.2, and we only explain the difference.
As in the proof of Lemma 3.2, we have

b | | ct b
/IP’x(r<t, sup X§)—X§)>b—a>dx§7/Px(Xt >b)dx
a T<s<t b—a)J,

S(bc_i)afofl/gp(x(ll) )du:O(tzln(l/t)),

where the last part comes from [2, Proposition 4.3.(i)]. 1[]
There was an error in the paragraph right above [2, Remark 5.1]. The density for X (1 )
exists and it is given by (see [8])

£ 1 1/1/x Inv J 0 3.5)
= —exp | —— —=dv ), > 0. .
T an (1+x2)** Pl 1402 *

We note that there is also a minor error in the exact expression of f(x) in [8] and the
upper bound of the integral should be %, instead of x.

Now we are ready to prove the second part of Theorem 1.1.
Proof of (1.2)
From Eq. 2.9, we have

b b-a
D=0 = [B(ef) <i)ax=2 [T 2 (X = u)au
a 0
b (1) o)
—/]P’x( > b and X, <a)dx
a
It follows from Lemma 3.3.

fahIP’x (Y;l) > band XV < a) dx
lim

t—0 t

=0.

Note that from [2, Proposition 4.3.(i)], we have

tho’ IP’( (])>u)du
lim -
20 tIn(1/1)

Qe

We will show that

b—a
- - tIn(1/t) b—a
tfy! P(X) >u)du— =72 b—a In(1/t
lim ( ) " —lim / P(X\" > u)du— nd/0)
0

t—0 t t—0 b4

A e N A e
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Higher Order Terms of the Spectral Heat Content...

Note forany 0 < t < b — a that

b—a

T In(1/¢
/r IP’(XE]) )du—n(/)
0 T
e | In(b — a)
T 1 —a
- / P(x) > )du—l—/ P(X) > u)du - —du+ ——2
0 1 1 Tu T
b—a
In(b — T — 1
:/p(xgw )du+u+/ ’ (P(Xil)>u)——>du.
0 T 1 Tu
It follows from Eq. 3.5 and the change of variable y = -, we have

o0 b 1 I [ Iny
IF’(XI ): ——————gxp| = ——dy ) dx.
" nx‘/2(1+x2)/ TJe l+y

We will show that for all sufficiently large u, we have

M _ 1 4 Inu
IP’(X ) S P e 3.6
! mu| ~ w2 u? (3.6)

so that by the Lebesgue dominated convergence theorem,

lim l“(]?(xﬁ” )-#)du:/f(ﬂv()(ﬁ” )—n]—u>du.

Foru > 1 and x > u, we have exp (% fxoo 11: d ) >0 =1and

/oo 1 (1 /00 Iny J )d - /00 1 d
— —exp| — y)dx > —dx
u  mxl/2 (l+x2)3/4 e 142 u  mxl/2 (l+x2)3/4

o0 1
—d
Z/u n(l—}—xz) x
1 o0

b4 1 —=n" 1
= ; (5 — arCtanu) = ; arCtan(]/M) = gmw,

where we used an elementary identity arctanu + arctan(l/u) = % Hence, there exists
Uy > 0 such that

(1) 1 11
P(X) > u) = — =~ forallu = Uy. 3.7)
mu 2 u

Now we focus on establishing the upper bound. From Karamata’s Theorem ([4, Theorem
1.5.11 (ii)]), we have

® Iny o _zyzlny xInx
/x 2dy=/x y dy ~ 5 as.x — 0.

L+y 1+ y2 1+x
Hence, there exists Up > 0 such that for all x > u > U,, we have
> Iny 2x lnx
/ sdy < (3.9)
x 1+y 1+ x2

By an elementary calculus, we see that ¢ < 1 + 2u for all 0 < u < In2, and take U3 so

that

! <In2forallx > u > Us 3.9)
— (0) XxX>u . .
1 7 = Z U =z U3
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It follows from Eqgs. 3.8 and 3.9 for u > max(U,, U3), we have

— 1
]P)(Xgl) > u) -

o0 1 2 xlnx 1
< 577 SXp | = 5 )dx — —
u nx1/2(1+x2)/ Tl+x Tu

o0 1 4 xlnx 1
< 7\ 1+ = 5 |dx — —
o wxl/2 (14 x2) / 7 l4+x U

/“x’ d +/°° 1 4 xlnx 1
— dx = Y —
w X2 v xl/2 (1+x2)3/4” 14 x2 Tu

4 /"0 V2 nx dy < 4 /Oolnxd
— ——dx < — —dx.
72/, (1 +x2)7/4 ), i3
Again, it follows from [4, Theorem 1.5.11 (ii)], we have

* Inx 1lnu
—de~f—2asu—>oo,
u X 2 u

and we can take a constant U4y > max(U,, U3) such that fuoo 1;—;‘abc < 11‘41—2” for all u > Uy.
Hence, for u > Uy

—) 1 4 Inu
P(X)">u) - — = 5. (3.10)

Hence, it follows from Eqs. 3.7 and 3.10, there exists Us > max (U, Us) such that (3.6)
holds for all u > Us. O

4 Spectral Heat Content for Subordinate Killed Brownian Motions

In this section, we study the 3rd term of the spectral heat content for subordinate killed
Brownian motions, and prove Theorem 1.2.

4.1 Case:x € (1,2)
Lemma 4.1 For any o € (0, 2), there exists a constant ¢ = c(«) > 0 such that

P (WS(O(/Z) >b— a) <ctforallt > 0.
1

Proof By the scaling property and [10, Theorem 2.21], we have

12
P sup Wo>b—a :IF’<|WS[(a/z>|>b—a):IP<(S,(a/2)) |W1|>b—a)

uzs@?

2
=P (s (Sf‘"/”)l/2 Lhoa) _p(sen, Loy
Wil 12/ Wy 2
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Higher Order Terms of the Spectral Heat Content...

Hence, we have

o0
— (a/2)
Pl sup Wy>b—a _2/(; ]P’(Sl > a2

uss@?

2
0 t2/ozx2 1 tz/(XXZ 47T
—a/2
(b —a)?
( 12/ 2 dx

a/2
_ t o0 b — ll)2 / P S(a/z) - b - 11)2
T VT —a) Jy \ 1ex? 1 ez

X2
O s
xx%e  *dx.

(b—a)2> 1 22

It follows from [11, Equation (2.8)], there exists a constant ¢; such that for all u €
(0, 00),

u®?p (Sfa/z) > u) <cj.
Hence, we have

2

PlsupWy>b—a)<—— / Y ety
sup >b—a]| < ———— x%e X.
uss, Vb —a)* Jo

Lemma 4.2 Let o € (1, 2). Then, there exists a constant ¢ = c(«) > 0 such that

b
/ Py sup W, >band inf W, <aldx <cE [Ws<w/2)] t1+$.
“ 1

2
s ussiel?

Proof The proof is similar to the proof of Lemma 3.2, and we provide the details for the
reader’s convenience. Define

n:=inf{v: sup W, >bor inf W, <a
u<s?’? ussi’?

Clearly, 7 is a stopping time with respect to the natural filtration ;. As in the proof of
Lemma 3.2, we have

sup W, >band inf W, <a

ussier w5t

C {n<t, sup W,,>b—a U{n<t, inf/z)Wu<—(b—a)},

=5 s
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where W, := u+n — Wy. By the strong Markov property, W have the same distribution
as W started from 0, and is independent of F,,. Hence, using a similar argument that leads
to (3.2), the symmetry of W, and Lemma 4.1, we have

P, sup W, >band inf W, <a

2
ugS,(“/z) ussf”‘/ )

u<S

< 2P, (n < )P (Sup W, >b— a) < c1tPy(n < 1). .1

When W starts at x € (a, b), we have

{n<t}= sup W, >bor inf W, <a
usse? s

Hence, from Eq. 4.1, we have

b
/IP’X sup W, >band inf W, <a|dx
a

ussie” s

IA

b
clt/ P, sup W, >bor inf W, <a]|dx
a

uSSx(a/z) MSS’(Q/

IA

b b
cit / P, sup W, >b|dx —|—/ P, ( inf W, < a) dx|. 4.2
a a

uss@? uss®

Note that it follows from the scaling property of $/? and W, independence of §/?
and W, and the change of variable y = =Y (b — x), we have

b b
/ Py| sup Wy>b|dx = / P sup 1YW,y > b —x | dx
a a

s<§@? s<t?/@ sf"‘/z)

Il
-
.
=
Q
\/\
T
Q
A
=
|
2
R
=

sup W, >y|dy

0 uss©@?
B-a)t V" o0 5
= tl/“/ / P (sup W, = y) gia/ )(v)dvdy
0 0 u<v
e [T @/2) e [ e 1@
= supW, >y dygl Wdv =t E [Wv] 81 (v)dv
o Jo u<v 0
1/a *© 121 (7. 1 o @/2) lom [T @/2)'/?
=1 V2B [Wh] ¢{*/? )dv = "B [W]E | (517)
0
= tl/eg I:nga/z):l s (4.3)
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where the last term is known to be finite, since & > 1 (see [1, Proposition 2.1]). By the
symmetry of W, we similarly have

b b
/ P, inf W, <aldx= / P inf tl/aWt—Z/aS <a—x|dx
a u=s? a  \s<i2/es®?

0 (b—ayt=1/«
= tl/"‘/ P inf2 W, <yldy= tl/"‘/ Pl sup W,>y|dy
—(b—a)t—1/ Mssla/) 0 MﬁS%a/z)
< tl/aE I:sta/z)] . 4.4)
Now the conclusion follows immediately from Eqgs. 4.2, 4.3, and 4.4. O

Now, we reprove the following theorem using the probabilistic argument similar to [2].

Theorem 4.3 Let o« € (1,2) and D = (a, b) an open interval with b — a < oo. Then, we
have

5 (@) ar(1-4

-0 2 (1-4) -

lim —— 0~ 2(9D| = E[stam] 10D

Proof The proof is similar to [2, Theorem 1.1]. When W starts at x € (a, b), we have
{11(32) < S,(a/z)] = [Ws > b or Wy < a for some s < S,(a/z)] )

Hence, using a similar argument as (2.9), we have

DI - 0 1) = /DPX (e = 5 d :/

D
= / Py (W 2 )+ / Py (W <a) - / Po (W 2 b and W <a) dx. (4.5)
D t D 1 D 1 1

From Lemma 4.2, the last expression above is o(tl/ “). From Egs. 4.3 and 4.4, and the
monotone convergence theorem, we have
JpPx <Es§“/2> < a)

‘ fD P, (WS,(”/Z) > b) . o
zh—% tl/a - zh—rf(l) /e - [WS}M)]‘

P, (Ws(am > bor ws(a/Z) < a) dx
t t

. . @2\ /2 r(i-4)
Finally, from [1, Proposition 2.1], we have E (Sl ) = =7
Theorem 2.21] and a direct computation, we have

X

o z2
EW1]=E[|W1|]=2/O e ax-

From the independence of W and $@/2) this shows that

SUAREE N A Rl Ge))

T O

Next, we need the following technical computations.
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Lemma 4.4 We have

2
]P’(Wl >u)~ ﬁu€7

Jsﬁ\,

asu — oQ.

Proof Tt follows from [10, Theorem 2.21] that we have

P(W1>u)=P(|W1|>u)=2/ !

N

_a2
e ddx.

Now it follows from the L’Hopital’s rule, we have

2
X
2[® e 7Ta e
2, N . !
lim —"——— = lim
Uu—>00 2 uz Uu— 00 2 _us
2

«/7714674 Tu - O

Lemma 4.5 Let o € (1, 2). Then, we have

2o (W 2
li f(io*a)t*'/“ ny ]P)(W] = %) g](“/ )(v)dvdy
fim t

_
|

o

B (oe—l)I‘(l—l)(b—a)“—I/I P(

o

Proof By L’Hopital’s rule, the change of variable u = %, Egs. 2.2 and 24, [12,

Corollary 8.9], and the Lebesgue dominated convergence theorem using Lemma 4.4, we have

2 —
i S B8P (W12 J5) 61" )ty
m

t—0 tl—l

o

b b-ayt2e b— a)—\/e
— lim 279 p(W, > LT @ gy
-0 (a — 1)t Jo Jv

2b — 3 00 b— 2t—2/0t
= lim M/ ]P’(Wl > u) g{a/z) & =23 du
=0 (@ — 1t Jy u?
@/2) ( (b—a)?
R ()
= lim ——— P(W; > d
20 (@—1) /1 (W1 = u) ‘ v
o /OO]P(W - ) a—ld
= 1=uju u.
(@—Dr(1-=%)®-—a'J; O
Recall that it follows from [11, Equation (2.5)],
. (@/2) 1+¢ o
lim X)x "2 = 4.6

Lemma 4.6 Let o € (1,2). Then, we have

li
t—0 l‘l_

o —

1
= a—1
- (a—l)r(l—g)(b—a)a—lfoP(Wliw)w dw.
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Proof By the change of variable w = #, the inner integral in the numerator can be written

as

e ¢}

e o7 y (ee/2)
]P’(W > —) dv =

y

1
= f P (W) > w)¢“"? (—) de
0

w? ) w3

P (Wl > %) @/2) () dy

Since gla/ )(x) <cx 177 for x > 1, the integral is finite.
By the L’Hopital’s rule, the Lebesgue dominated convergence theorem, and (4.6), we
have

2 2
ﬂiofa),fua folIP’ (Wl > w) gfa/z) (#) %dwdy

lim ;
t—0 tlfa
— o 2 —1/06 2
2(b — @ [ (b—anV (b —ay=)
= IP "% d
20 (@ — 1t (a — l)t (W1 = w)g w w3 v

o 2 o @ [(b—ayi™/® ?
=M e- Do —a)“—lfo FWizw)e (T)

b— tfl/a Z(H_%)
(%) w* Ldw

w
2 e o
= P o a1 )
(a—l)(b—a)“’lfo (Wi =w) 2r (1_%)w aw O

Now we are ready to prove the first part of Theorem 1.2.

Proof of (1.3)
Note that from Eqgs. 4.3, 4.4, and 4.5, we have

1D - 0% ()
S t”ﬁg 5
= 2t1/°‘/ / P (sup W, > y) dygfa/ )(v)dv
0 0 u<v
- / P, (WSW) > band W ) < a) dx. @.7)
D 1 1
It follows from Lemma 4.2

P, (W @2 >band W ) < a) dx =0 (tlJré).
D SI &

Now we focus on the first integral in Eq. 4.7. Note that from the scaling property of W,
we have

b—a
o0
2;1/a/ /f”“
0 0

o0
]P’(suquZy>dyg(a/)(v)dv 2t1/°‘f Pl sup W,>y|dy

u<v 0 u<s@/?
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b—a
S v
= 2t1/“/ /t/ IP<sup w, > y) dygla/ )(v)dv 2tl/“f [ <sup W, > y>
0 0 u<v u<v

gfa/z)(v)dvdy

o0 o0 2 o0 (o) .
—21‘1/“/ ﬁ_ P(Wv > y) dyg}a/ )(v)dv = —2t1/°‘/ /;_ IP’(W T)
0 tl/g 0 T/a

dyg(a/z)(v)dv

00 y? 00 00
—2t/e / / ]P’(W _—) @2 (y)dvd +/ / IP(W 7)
t ( bee Jo ‘= (V)dvdy W Vv

,]a

(a/z)(v)dvdy
Now the conclusion follows immediately from Lemmas 4.5 and 4.6. O
4.2 Case:a =1

In this subsection, we study the spectral heat content for subordinate killed Brownian
motions when the underlying subordinator is $(/2).

Proposition 4.7 For any u > 1, we have

— 2
P (Wsa/z) > u) = Z arctan(1/u). 4.8)
1 s
Proof Tt follows from Eq. 2.3 that the density of S\"/ is given by

x I'\n+ 1)

(1/2) 1 n+l1 ( 2) -l
= — —1 [ S 2

81 (x) - E (=1 X

2n — 1! ’

n=1

It is easy to check (n1)2 < (2n — 1)! forall n > 1 and T (n + %) < T(n + 1) for all
n > 2. Hence, we have

Z( b (n . l)f”‘% < 2 F(z(nnjf)z)x_n_5 =" (%) o

— !
i Fo+D oy
— (2n — nrt

3 3 x_"_f 3\ 3 ARy 1
X 2+ =I({z)x24+x"2(e" =1——
n! 2 X

1
32

)asx—>oo
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Hence, by the Lebesgue dominated convergence theorem, we have
ap _ u > a2
P S, > ) =/, & (v)dv
X2
1

1
o0 1 00 I (l’l =+ i) ) 1 o0 I (l’l —+ i) 1 x2n—1
_ - _qynHl_ N f)—n—5 _ _ 1+l
= /“z NZ( " ( v 2dy = . PGS — L1
2 n=1 n=1 2

2n — 1)! —D!'n
It follows from [10, Theorem 2.21] that

P(W1>a)=P(|W1|>a>=2/aw\/%/a e_%dxzﬁ/a

Hence, we have

P(W )— CBW, > u) s ()dy = OOP Wi > —) g (nd
S§1/2)>” = y>u y)dy = 1>ﬁ g y)dy

o¢] 2
- = dxg 2 ndy = / f a/z)(y)dye Tdx
/0 ﬁ[ﬁ ! JT

r (n + %) 1 x2n—1 2

=f/ Z( )n+1 Cn—1D! p—1 u2n—1 e ddx

1
2 & F("+z) 11 > 2
= — —_1rtl / -1 ,~% 4
7 ;( e el SRR

2 ¢ +1 r (n + %> 1 1 2n—1
= —— D" C(m)2=", 4.9
7 ;( G I e T LA 9

2
where we used fooo x—Le= T dx = T'(n)22"~!, and the interchange of the infinite sum and
integral is valid, because of the exponential decay term and the fact u > 1. By the Legendre

duplication formula, we have F(n)F (n + l) = 2172" /7T (2n). By the Taylor expansion

of arctan(x) = Zn 1 (= 1)"‘H e for |x| < 1, Eq. 4.9 can be simplified to
1

2 w11 2 1
—Z(—l) = —arctan| — ), foru > 1.
b4 2n — 1 y2n-1 T u

n=1

O

Remark 4.8 Even though it is not necessary for our result, it would be interesting to see if
(4.8) holds for all u > 0.

Lemma 4.9 We have

b
/ P, (Wsu/z) > b and Esu/z) < a) dx = O(t2 In(1/1)).
a t t

Proof The proof is almost identical to the proof of Lemmas 3.3 using 4.1. It fol-

lows from Proposition 4.7, P (Wsa/z) > u) ~ % as u — oo, and this shows that
1

b—a

Jo'

P (stlm > u) du = O(In(1/1)). 0
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Now we are ready to prove the second part of Theorem 1.2.

Proof of (1.4)
Note that from Eq. 4.5, we have

b
1= 0w = [ B (o) =5 ax

a
b b
= 2/ P, (Wsu/z) > b) dx — / P, (Ws(l/z) > b and ﬂs(l/z) < a) dx.
a t a 1 t

It follows from Lemma 4.9, the second term is O (12 In(1/ t)).
Now the first expression above can be written as

b b
2/ P, (Wsu/z) > b)dx = 2f P sup tw,2>b|dx
a ! a

u<r2s(?

b—a

b
:2/ P, sup W, > b/t dx:2t[ ' P sup Wy, >u|du
a v<s(/? 0 v<s(/?

b—a
= ZI/ ' P(WS(I/Z) > u) du.
0 1

Hence, we have

b—a

b 4
ZIf t P(WS<1/2> > u) du— Ztn(1/1)
0 1 T
= 2
- (/ IP(WS(I/Z) > u) du — ln(l/t))
0 1 T
L 2In(b — a) bra 2
= 2t P(W <1/2>>u>du+7—l— ]P’(W (|/z)>u)——du .
0 Sy i 1 S) Tu

From Proposition 4.7, we have P (Ws“ ) > u) — % =0 (%) and this shows that it
1
is integrable on (1, co). Hence, it follows from the monotone convergence theorem

b—a

2t [ 1 2In(b — T 2
lim — (/ P (WS(1/2) > u) du + M +/ 7 p (WS(I/Z) - u) B du)
t—=0 t 0 1 4 1 1 Tu

e, 2In(b — a) © 2
:2(/0‘ ]P;(WS;I/Z) >u>du+T+/; P(stl/Z) >u>—Edu .
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