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1 | INTRODUCTION

Let X = (X});>0 be a Lévy process in R?. For any open set Q C R?, the (regular) heat content of Q with respect to X is defined
to be

Hq (1) = / P.(X, € Q)dx,
Q

while the spectral heat content of Q with respect to X is defined to be

0q(1) = / P (zn > 1)dx,
Q

where 7 = inf{r > 0 : X, € Q°} is the first time the process X exits Q.

The asymptotic behaviors of the heat content and the spectral heat content have been studied intensively in the case of Brown-
ian motion, see [22] and [27]-[32]. Recently significant progress has also been made in studying the heat content and the spectral
heat content with respect to Lévy processes with discontinuous sample paths, see [1-3,8,19]. The asymptotic behaviors of the
heat content and the spectral heat content with respect to symmetric stable processes were studied in [1-3]. In particular, the
exact asymptotic behavior of the spectral heat content of bounded open intervals with respect to symmetric stable processes in
R was established in [3]. The asymptotic behavior of the heat content with respect to general Lévy processes was studied in [8]
(see also [9] for a generalization). In [19], an asymptotic expansion of the heat content with respect to some isotropic compound
Poisson processes with compactly supported jumping kernels was established.

The purpose of this paper is to investigate the small time asymptotic behavior of the spectral heat content of general Lévy
processes and generalize the results of [3] in several directions.

The organization of this paper is as follows. In Section 2 we recall some notions and present some preliminaries. In Section 3
we first study the heat content and the spectral heat content with respect to Lévy processes of bounded variation. In Theorem 3.2,
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we extend [8, Theorem 3] to any open set of finite Lebesgue measure and relax the finite perimeter condition. Then we use this
to establish the small time asymptotic behavior of the spectral heat content for the same processes in Theorems 3.3 and 3.4. We
remark here that when the underlying processes are of bounded variation, the small time asymptotic behavior of the spectral
heat contents depends not only on the geometry of the open sets but also on the underlying processes (see Corollaries 3.5, 3.6,
and 3.7). In Section 4 we investigate the small time asymptotic behavior of the spectral heat content with respect to symmetric
Lévy processes of unbounded variation in R. In this section we deal with two cases separately. In the first case, we assume
that the characteristic exponent y (&) of X is regularly varying of index « at infinity for some a € (1, 2]. In the second case, we
assume that X is a symmetric 1-stable process, that is, a Cauchy process. The main results in Section 4 are Theorems 4.2 and
4.14, where we establish the exact small time asymptotic behavior of the spectral heat content with respect to such processes.
We note here that the small time asymptotic behavior of Q(#) depends on the geometry of Q. When a € (1, 2], both the number
of adjacent components and the number of non-adjacent components matter, while in the case @ = 1, only the number of non-
adjacent components matters since the process can not hit a single point upon exiting the open set. Two components of Q are
said to be adjacent if the distance between them is zero. In Section 5 we study the stability of the spectral heat content. We prove
in Theorem 5.1 that the small time asymptotic behavior of the spectral heat content is stable under integrable perturbations to
the Lévy measures. In Section 6 we give some examples where one can apply the results of this paper to get the small time
asymptotic behavior of the spectral heat content.

2 | PRELIMINARIES

Let X = (X;);>0 be a Lévy process in R¢. We denote by (P,) the semigroup of X and by 13, the adjoint operator of P,. The
characteristic exponent y (&), & € R?, of X is given by

w(&) = (& AE) —i(&.y) - / (e"f’y> - 1-i(g, Y>1{||y||s1}> v(dy),

Rd

where A is a symmetric non-negative definite d x d matrix, y € R? and v is a Lévy measure, that is

v({0}) =0 and /min{1,||y||2}v(dy)<oo.
R4

The Lévy process X is of bounded variation (see [24, Theorem 21.9]) if and only if

A=0 and / [I¥|l v(dy) < oo.
lIyli<1

In this case the characteristic exponent has the following simple form

v@=iten)+ [ (1= )vian,
R
where 7, = /|
process.
For any open set Q in R¢, the killed process sz is defined by

<1 Y v(dy) — y. For a Lévy process of bounded variation, the quantity y,, defined above is called the drift of the

XQ _ Xt lft < 70,
T 0 lft Z 0,

where 0 is a cemetery point and 7o = inf {t >0:X, & Q} is the first exit time of X from . The process XtQ is a strong Markov
process and its semigroup is given by

Pef(x)=E[f(X)it<1|, xeEQ

We introduce the following function related to X, see [23]. For any r > 0,

h(r) = A= + 17!

v+ /d Y(Lyiery = L) V(dY)‘ + /d min{ 1, [|ylIr~*} v(dy).
R R
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Recall that there exists C; = C;(d) > 0, (see [23, page 941]) such that

[P’<sup 1X,| > r> < Cth(r). @2.1)

s<t
Following [4, Section 3.3], for any Borel set Q2 C R9, we define its perimeter Per(Q) as

Per(Q) = sup{/ lo(x)divg(x)dx : ¢ € C! (R, RY), ¢l < 1}.
Rd

We say that Q is of finite perimeter if Per(Q) < oo. It was shown [20-22] that if Q@ € R is an open set of finite Lebesgue measure
and of finite perimeter, then

Per(Q) _ﬂl/zhmt 1/2// 22,3 dyd,
Qc
where
PEZ)(x, y) = (dxt)" 42 lIx= yII? /41

is the transition density of the Brownian motion B = (B,),, in R<. For a Lévy process X with Lévy measure v, we define the

perimeter Pery (€2) with respect to X as
Perx(Q2) = / / v(dy) dx.
Q € —Xx

In particular, to the isotropic (rotationally invariant) a-stable process S = (S t(“))

which is defined by
c(d,a)dydx
Perg(€) : / / —SE =
o [lx—yll

ar(32)

21-a d/20(1 - %)

1500 0 < a <1, one associates the a-perimeter

where

cld,a) :=

It is known, cf. [8, Lemma 1] (see also [13] for the perimeter for the isotropic stable processes), that if X is of bounded variation
and Q C R is an open set of finite Lebesgue measure and of finite perimeter, then Pery () is also finite.
Let G C R? be an open set and let f : G — R be integrable. The total variation of f in G is

V(f,G)= sup{/ S dive(x)dx : ¢ € C/(G.R?), lloll, < 1} .
G
The directional derivative of f in G in the direction of u € S?~! is
V.(f.G) = SHP{/ FO(Vox),uydx : 9 € CH{G,RY), llgll, < 1}~
G

We will use V,(£2) to denote Vu( 1o, IRd).
Now we recall the covariogram function g (). Let

8o =12nQ+y)| = /d lo()1gy,(x)dx = /d Lo()1g(x — y)dx.
R R
It is easy to see that

20(») < go0) =1Q| and go(—y) = goW).
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Moreover go € CO(IRd) (see [14, Proposition 2]).
Let

fa(y) 1= gq(0) — go(¥).
By the Fubini-Tonelli theorem we have the following relationship between Pery(€2) and fq(+)
Pery(Q) = / S v(dy). (2.2)
R
Here is a simple lemma about the behavior of fo(y) as |y| — 0.
Lemma 2.1. IfQ C R? is an open set of finite Lebesgue measure |Q|, then
lim_fo(y) = 0.
[yI=0
Proof. Note that 15(x)1g.(x —y) < 1g(x) forall y € R? and / Io(x)dx = |Q| < oo. For each x € Q we have
lim 1o(x)1ge(x—y)=0.
[yI=0
Hence the assertion follows from the dominated convergence theorem. |

The next lemma follows from [14, Proposition 5].

Lemma 2.2. If Q C RY is a Borel set of finite Lebesgue measure, then

lga(®) — 80())| < 8a(0) — go(x —y), x,y € R

We end this section by recalling the concept of regularly varying functions. A function f is said to be regularly varying of
index « at infinity if for any 4 > 0,

lim J(4r) =A%
r—oo f(r)

The family of regularly varying functions of index « at infinity is denoted by R,,.

3 | PROCESSES OF BOUNDED VARIATION IN R¢

In this section we assume that X is a Lévy process of bounded variation in R¢.

3.1 | Heat content

In this subsection, we first extend [8, Theorem 3] when the drift y, = 0. Suppose that X is a purely discontinuous Lévy process
of bounded variation in R, that is, A = 0, 7o = 0 and /”x”<1 [|x]] v(dx) < oo.
The infinitesimal generator £ on CO( [R{d) of X is a linear operator defined by

Pf) -/ G.1)
— .

Lf(x)=lim
t—0
with domain Dom(L) consisting of all functions f such that the right hand side of (3.1) exists. By [24, Theorem 31.5], we have

Cg( Rd) C Dom(L). For a detailed discussion on infinitesimal generators of Lévy processes we refer the reader to [24, Section
31]. Since X is of bounded variation and y,, = 0, again by [24, Theorem 31.5] we have, for any f € Cg(le ),

Lfx)= /Rd (f(x+y) = f(x) v(dy). (3.2)

The next lemma corresponds to [8, Lemma 2].
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Lemma 3.1. Suppose that Q C R? is an open set of finite Lebesgue measure. If

Pery(Q) = /Rd fa)v(dy) < o,

then go(x) € Dom(L) and
Lgo(x) = / ) (8a(x + ¥) — ga(x)) v(dy).
R

Proof. Fix a cut-off function ¢ € C*(R?) such that ¢ > 0, supp ¢ C B(0,1)and ||¢||; = 1. Let ¢, (x) := Eldqﬁ(f) and g (x) 1=
gq * ¢, (x). Since g is integrable, we get that gf, is smooth and vanishes at infinity. Hence gf, € C;%(R?). Since CS(IR") c
Dom(L), we get gfz € Dom(L). Note that it follows from Lemma 2.2 that

lg6, (%) — go(x)] ='/Rd B (1) (ga(x = ) — go(x)) dy| < sup |ga(0) — goWlIP.ll; = sup | fo(W)I.

[yl<e [yl<e

Lemma 2.1 implies
lgifgllgg - galle =0.
By (3.2),
Lgh(x) = /R (gg(x+y) - 25,(x)) v(dy).
Note that from Lemma 2.2 we have

lg5(x +3) — g5 < fo(»), x,y€RY

Hence, by the dominated convergence theorem we infer that

lim
10

ce - /R (a9~ ga0) V(d”Hw ~0.

Since L is a closed operator, the assertion of the lemma is now established. |

The following result is similar in spirit to [8, Theorem 3]. The difference is that in the result below we do not assume
Per(Q) < oo but we assume that y, = 0.

Theorem 3.2. Let X be a Lévy process of bounded variation with v, = 0. If Q C RY is an open set of finite Lebesgue measure,
then we have

lim

|Q| — H(1)
— = =P Q).
[ p ery (£2)

Proof. First we assume that
Pery(Q) = / v(Q° — y)dy < oo.
Q
In this case the proof is similar to that of [8, Theorem 3]. It follows from Lemma 3.1 and (2.2) that

li
t—0 t t—0

Q| — Ho(?) . 1-Px+ X, €Q)
m— =1lim ; dx
Q

i 80(0) — Pgo(0)
=lim2>~ 2

—Lg0) = / Sfa(y) v(dy) = Perx(Q).
t—0 t Rd
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Now we deal with the case when

/ v(Q° — y)dy = oo.
Q

Note that

Q|- H d
Q1 ~ Ho®) _ / PYCY)
t R4 t

where p,(dy) corresponds to the transition density of X started from the origin. Lete > 0,and ¢, € Cb( Rd) besuchthat 15 e <
& < 1p(¢/2)c- Then by [24, Corollary 8.9] we get

Q| — H, d
liminf 2= Ho® o i / 6. faly P _ / 3. 0) ) V() = / Fol) vidy).
t t—0 Rd R4 B(0,e)¢

t—0 t N
Since ¢ is arbitrary, we have

. Q= Hg®)
liminf ——— =
t—0 t

3.2 | Spectral heat content

In this subsection we study the small time asymptotic behavior of the spectral heat content for Lévy processes of bounded
variation. The main result is the following theorem.

Theorem 3.3. Let X be a Lévy process of bounded variation in R?. If Q C R? is an open set of finite measure |Q| and of finite
perimeter Per(Q), then

. |Q| — Oq(1) ll7oll
lim sup ———2= = Perg(Q) + —=V 1_(@)1ga (o) (7o)

50 t 2 Tl

+ lim sup 1/ E, [TQ <1X, €0Q, Py (X,_T e Q)] dx,
(=0 t Q Q 0 Q
Q| - 0q(t

lirln i(?f HIA = Perx(€2) + @VV_O (Q)1ga\ (0 (ro)

- lIroll

t—0

+ liminf 1/ E <t X, €008y (X, e0)|dx,
t Q Q 79) Q

where V,(Q) is the directional derivative of 1, in the direction u on the unit sphere in R9.

Proof. By the right continuity of paths of X we obtain
P> =P(X, €Qro>1) =P (X, €Q) —P(X, € Q1o <1).

Hence by applying strong Markov property at 7, we have
Q] - 0q(1) = /(1 —P (X, €Q)dx+ / E, [TQ <1, [P’XTQ<X,_TQ e Q)] dx
Q Q

= (1Q| - Ho(®)) + /Q E, [TQ <1, [P’XTQ(X,_TQ e Q)] dx
= (1Q = Ho(®) +1(r) + 11(»),

where

—C
1) = /Q[Ex [TQ <t.X, €@ Py (X, € Q)] dx,

1(r) = / E, [TQ <1,X,, €0QP Xm(xt_,g e Q)] dx.
Q
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By [8, Theorem 3], it suffices to show that

. 1@
lim —
t—-0 t

=0.

By the Ikeda—Watanabe formula [18], the joint distribution of (TQ, X TQ) restricted to X, # X is equal to
p ((TQ, ) € (ds, dz)) /Q p2(x, du) v(dz — u)ds,

where p?(x, du) is the transition kernel of the process X killed upon exiting Q2. Hence

t t
1 (63) :/dx/ ds /_C P.(X,_ EQ)/p?(x,du) v(dz — u) S/ ds/PS(g,_s)(x)dx,
Q 0 Q Q 0 Q

where
gs(u) = 1g(u) /g_f P...(X, € Q) v(dz).

Notice that (see [8, Lemma 1])

/ g,(x)dx < / / v(dz) dx = Perx(L2) < oo.
Q Q € —x
1 ~ 1
@) < / ds/ PX(IQ)(x)gt_S(x) dx < / ds/ g,(x)dx.
0 Q 0 Q

Thus

SHE J_7

(3.3)

By the right continuity of X, we have lim,_,P (X, € Q) =0 for all y € Q'. Thus by the dominated convergence theorem

and (3.3),

I
lim sup % <lim sup/ g/(x)dx = / / limsupP_, (X; € Q) v(dz)dx =
Q —x

t—0 t—0

(]

As a consequence of Theorem 3.2, one can prove the following result. Note that, unlike Theorem 3.3, we do not assume that

Per(2) < oo in the result below.

Theorem 3.4. Let X be a Lévy process of bounded variation with y, = 0. If Q C RY is an open set of finite Lebesgue measure,

then we have

. 1| = Q1) . 1
lim sup —————— = Perx(€2) + limsup — [EX[TQ <t,X, €0QPy (X,_T € Q)] dx
t—0 t -0 tJa @ 0 e
and
liminfM—Per (Q)+liminfl E ltq <t, X, €0QP X e Q)|dx
=0 t - X =0 1 Jo x[“Q e 79) > XTg (B 7Y :

In particular if[F"x(XTQ € (39) = 0 for almost every x €  we have

lim w = Pery(Q).

t—0

Proof. If fQ v(Q° — y)dy < o0, the proof is the same as the proof of Theorem 3.3 using Theorem 3.2 instead of [8, Theorem 3].

The case of /Q v(Q¢ — y)dy = oo is a consequence of Theorem 3.2 and the fact that Hq(¢) > Qg (1).

O
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A domain Q c R? is called a Lipschitz domain if there exist R > 0 and A > 0 such that, for every z € 0Q, there exist a
function ¢ = ¢, : RY~! - R satisfying ¢(0) = 0 and |(x) — ¢(¥)| < A]x — y|, and an orthonormal coordinate system CS,
with origin at z such that

DNB(z,R)= Bz, RAN{y =, ¥g_1.¥a) =(3.54) in CS, 1 y; > $(3) }.
Combining the above result with [25, Theorem 1], we immediately get the following
Corollary 3.5. Suppose that X is an isotropic Lévy process of bounded variation and has an infinite Lévy measure. If Q is a

Lipschitz domain of finite Lebesgue measure, then

lim

Q] - 0o()
T

Corollary 3.6. Suppose that X is a Lévy process of bounded variation and there exist a € (0, 1) and C > 0 such that

C 1 d
_C x(—), RY, 3.4
EE <W@H4> ¢ € G4

where R represents the real part of its argument. If Q is a Lipschitz domain of finite Lebesgue measure, then

i |2 = Q)
St R

t—0

— Pery(Q).
Proof Since X is a process of bounded variation we have, for |&] > 1,
mw@ﬂﬂSZA;UAMHVVMHNQSZA;U&”AMDVWD-
Moreover
ISw@ - it /el < [ (aleshwaaiel < [ (17 Al o),

where J represents the imaginary part of its argument. Assume that y, # 0. Since fRd(l A |z]) v(dz) < oo, by the dominated
convergence theorem we have

0 < lim rR

r—0o00

)

( 1 ><im /0 +RuGon/r
w(ror) + 1) = =% (o2 + (Swirgn) — il Pr/r?

which contradicts (3.4). Hence y, = 0.
It is well known that the Hausdorff dimension of the boundary of a Lipschitz domain is d — 1 (see [11]). Therefore the claim
is a consequence of Theorem 3.4 combined with [17, Theorem 3.3] and [26, Theorem 4 and Remark]. O

Combining Theorem 3.4 with [7] and [5], we get the following

Corollary 3.7. Let d = 1 and let Q be open. Assume that X is of bounded variation and y, = 0, then
. 1Q] = 0q(1)
lim —

t—0

= Perx (Q2).

Proof. We use here that {0} is polar ([7, Theoreme 8] if the Lévy measure is infinite and [5, Theorem II.16] in case of a
compound Poisson process) and therefore 0Q is polar. d

If there exists a nonzero drift y,, then the small time asymptotic behaviors of the heat content and the spectral heat content
can be different. We illustrate this by the simple example below.

Example 3.8. Lety € R\ {0}. We consider = (—1,0) U (0, 1) and a deterministic process X, = yt. Then H(t) = (|y[t) A 2
and |Q| — Qq(f) = 2|y|t) A 2. That is

4 tim 1917 Ho® _

t—0

12 = Qo)
— iz

2|y| = lim
|7| t—0
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4 | PROCESSES OF UNBOUNDED VARIATION IN R

In this section we study the small time asymptotic behavior of the spectral heat content for Lévy processes on the real line. For

technical reasons, we will only deal with symmetric Lévy processes. We consider two different cases separately. In the first case,

we assume that the characteristic exponent y (&) of X is regularly varying of index « at infinity for some a € (1, 2]. In the second

case, we assume that X is a symmetric Lévy process whose characteristic exponent is y (&) = |£|, that is, X is a Cauchy process.
Forany e > 0, let Q, := {x € Q : dist({x},0Q) < €}.

Lemma 4.1. For any € > 0, we have
/ [FDX(TQ < t)dx < Cl |Q \ leth(g)
Q\Q,

Proof. Note that, for any x € Q\ Q,, P.(rq < 1) < P, (sup,, | X, — x| > €) = P(sup,, X, > ¢). Thus it follows from (2.1)
that

/ P(1q < 1)dx < C; |Q\ Q,|the).
a\Q,

(|

Every open set © in R can be written as the union of countably many disjoint open intervals: Q = | J.(a;, b;). Let Q = | J,(a;, b;)
and 0%9Q := {b ; ¢ there existsi # j such thatb; = a,-} be the subset of 0Q which consists of common boundary points of adja-
cent components of Q. Let

Q :=Quo“Q “.1)

be the augmented set of Q. Note that the distance between any two distinct components of Q is always strictly positive.
Recall that

Ja) =19 - 1QN(Q+y)| =/ng(X)dx—/ng(ﬂlg(x—y)dx=/ng(ﬂlgc(x—y)dx

For any Lévy process X and ¢ > 0, we define X, := Supseo X and X, 1= inf g X
Let w*(u) = supge(o,) ¥(&), u > 0, and let w () =inf{s > 0 : w*(s) > u} be the generalized inverse of y*.

411y eR,ae(,2]

In this subsection we study the small time asymptotic behavior of the spectral heat content of general open sets of finite Lebesgue
measure with respect to symmetric Lévy processes in R. We assume that X is a symmetric Lévy process with characteristic
exponent y and that there exists a € (1,2] such that y € R, . Here are a few examples of characteristic exponents belonging to

Ry (Dw() =% ae€0,2;Qyw(A) =4+ A,0<p<a<2;3)ywd) = (/12 + 1)0‘/2 -1L;@yp) = /1“( log(/l2 + 1))ﬂ/2,
a€(0,2)and0< f<2—a;5)wpAd) = A“(log(22+ 1))_ﬂ/2,() <f<a<?2.
Fory e R,letT, =inf{7 >0 : X, = y} be the first time the process X hits y and Ty(“) the first time the symmetric a-stable

process S(® (with characteristic exponent |£|%) hits y.
Here is the main result of this section:

Theorem 4.2. Suppose that X is a symmetric Lévy process with characteristic exponent y € R, for some a € (1,2]. Let Q be
an open set in R with |Q| < co. Let A be the number of components of Q and let B be number of points in 3°*Q. Then we have

}inay/‘l(l/t)(ml - 0(n) = 2A[E[W1] +2BC,, 4.2)

where Cy = [ [p)(Tu(a) <1)du< IE[WI] < 0.

In the case of isotropic a-stable processes, we have w1 (1/1) = =1/,
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Remark 4.3. Note that A can be finite even if the number of components in € is infinite. For example, the open set Q =
Uf; | (n%l, %) has infinitely many components, but A = 1. Also if Q has infinitely many components, either A or B must be

infinite and therefore we have lim,_,w~!(1/ t)( Q| — QQ(I)) = o0.

Under the assumptions of this subsection, e} € L'(R!) and thus, by [24, Proposition 28.1], the process X has a transition
density, and thus Hq (1) = Hg(t). Hence it follows from [8, Theorem 2] that when Q C R has infinitely many components but
Q has only finitely many components, we have

r(1—§> 2r(1—§)

limy ™' (1/0)(1Q] — Hy(t)) = ——=Per(Q) = ———=A < oo.
t—0 T T

Remark 4.4. In the case of Brownian motion, we have from [3, Equation 4.4]

Clz/ooP(TuB'Sl)duz/ooP(ElZu)du:[E[El] :%.

Note that, by the definitions, A + B is equal to the number of components in Q. Hence in this case (4.2) becomes

12 - 08 )

lim ———————— = 2 X (the number of components in ) X i

t—0 \/; T

We now give some preliminary results to prepare for the proof of Theorem 4.2. It is easy to see that, under the assumptions
of Theorem 4.2, X is of unbounded variation. Since X is symmetric, it follows from [16, Corollary 1] that

%l//*(r_l) < h(r) < 24y*(r!). 4.3)
Also it follows from [6, Theorem 1.5.3] that, for each R > 0, there exists a constant ¢ = ¢(R) > 0 such that
v (r) <cy(r), forr>R. 4.4)

a+l
Since y € R, for some a € (1,2] and X is symmetric, we have from [6, Proposition 1.3.6-(v)] w(&) = [£|*£(&) > |§|%
when |£| — oo and 7 is slowly varying at co. Hence this gives

1
—d .
‘41+w@>§<“

It follows from [7, Theorem 8] that{y € R : P(T, < o) > 0} = R.

Lemma 4.5. Suppose that X is a symmetric Lévy process with characteristic exponent y € R, for some a € (1,2]. There exists
&1 > 0 such that for any € < g,

13 [eo]
1111(1)1,/—1(1/0/ [P’(TySt)dyz/ P(T® < 1) du.
1= 0 0

Proof. Define a process Y = (YS(’))PO by Ys(’) = w~!(1/0)X,,. The characteristic exponent of Y is y (&) = ty/(t//‘l(l/t)é).
Note that -

“l(1/n¢)
lim w @) = i W(w—: -
limy(c) = lim w(v=1(1/n) 5

Observe that by the change of variables u = w~!(1/1)y,

1 ¢ 1 € YO éw_l(lm vy
- = v < = <
w (1/:)/0 P(T, <t)dy=y (1/1)/0 P(Tw_](l/t)y_1>dy /0 IP(TM _l)du.
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Fix 0 < 6 < @ — 1. Since y € R, it follows from [6, Theorem 1.5.6] that there exists x, > 0 such that

w(w='(1/01/u) 2

< 4.5)
w(y /D)~ ue?
for all w~1(1/1) > xpand 1 <u < w Hence by [5, Theorem II.19.(iii)] and the dominated convergence theorem,
0
. YO
limP (7Y < 1) =P(1 < 1). (4.6)
Lete, := XL It follows from (4.4) that there exists ¢ = ¢(x;) > 0 such that
0
ywi(r) < clxw(r), > x. (4.7
Take M > 0. It follows from the dominated convergence theorem and (4.6) that
M - M
1513/0 P(TY" < 1>du:/0 P(T® < 1) du. (4.8)
Suppose e < g;and M <u < ey} (1/1t). Then from (2.1), (4.3), (4.5) and (4.7) we get that
Y® Y Y® w0 —1
[P’(Tu < 1) < [P’(Y(’)l > u) < ¢ ") < 24C 1y (y=' (1/0)1 /u)
-1
vy (1/D1/u)  48C c(x
< 24C; c(xo)tw (w™ (1/0)1/u) = 24C; ¢(x,) ( /01/4) < 1_2 0.
w(y=1(1/0) u*
Hence we have
ey~l(1/1) . ey~l(1/1) d © o(d d
/ P(TY” < 1) du < / d.X0) 4, < / . x) g, €4 X0) o5 4.9)
M " M w9 M ues a—-56-1

foralle <&, M < ey~ (1/1), and w~'(1/1) > x,,. By letting t — 0 and then letting M — oo in (4.8) and (4.9), we reach the
conclusion of the lemma. |

Lemma 4.6. Suppose that X is a symmetric Lévy process with characteristic exponent y € R, for some a € (1,2]. There exists
&9 > 0 such that for all € < g,

E
lirrolw“(l/t)/ P(Xt > x) dx = [E[S(a)l] )
t— 0

Proof. Let Y be the process defined in the proof of Lemma 4.5. Recall from the proof of Lemma 4.5 that the characteristic
exponent y") of Y is
limy (&) = [¢]". (4.10)
11—

Moreover,
I3 _ I3 _ st//’l(l/t) —_—
t,u_l(l/t)/ P(X, > x) dx = y/_l(l/t)/ P(le > W_l(l/t)x) dx = / [P’<Yl(’) > x> dx.
0 0 0

— D —
Using (2.1), (4.10), and [15, Theorem VL.5.5], we can get that Y ()} — §(@), (since x + sup,¢(o 11 X(?) is a continuous functional
on the Skorohod space). The rest of the proof is identical to the proof of Lemma 4.5. |

Lemma 4.7. Suppose that X is a symmetric Lévy process with characteristic exponent w € R, for some a € (1,2]. Let Q =
U,(a;, b)) with |Q| = ¥,;(b; — a;) < co. Suppose that a; & 0*/Q and € < %((b,- — a;) A &,). Then we have

a;+e
lin(}w‘l(l/t)/ P, (tq <1)dx = [E[S(a),] .
— a;
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Similarly, if b; & 0%9Q and e < %((bi - ai) A 52), then

b;
lin(}w‘l(l/t)/ P, (rq < 1)dx = [E[Sw)l] ,
1— bo—e

Proof. By the symmetry of X it is enough to prove the first limit. Suppose that a; & 0%/Q, € < % and x € (a;, a; + €). Note

that, under P, depending on whether 7, >a; +2¢eor X, <a, the event {TQ > t} can be written as
(1o > 1) ={ai <X, <X, <g +25} U{rg>1X, <a;} U{TQ >0,X,>a +2£}.
Note that the first event of the display above is disjoint with the union of the last two events. Hence we have
P (tq>1) = [P’x<ai <X, <X <aq +2£) + [P’x<{TQ >6X,<a;) u{rg >1.X, > q +2g}> .
This implies that
PX(TQ < t) =1- [P’x<a[ <X < Yr <aq; +25> - I]:Dx<{rg >, X, < a,-} U{TQ > t,yt > q; +25})

= Px({&, Sa,-} Ul X, Zai+2£}) - [FDX<{TQ >t1,X, Sai}U{Tg > t,}, > ai+2£}>

=P (X

(X <a)+ |]3’X<Y,2ai+2£)— Px<yt2ai+2£and£t Sai>
—P(rg>1X, <a) - PX(TQ>I,Y, 2a,~+2£>+ PX<TQ>t,gtsa,. andY,Zai+2s). @.11)

Leth :=sup{x € Q : x < a;}. Since aq; & 0“?Q, we have either {x € Q : x < a;} = @ thus b = —c0 or b < a;. Hence we have
either

{TQ>I,£ISQI-}:¢
or
{rog>0.X,<a}={rg>1,X,<b}. (4.12)

We will deal with the second case since the first case is similar and much easier. It follows from (4.12) that (4.11) can be
written as

P (o <t) =P (X, <a)+ PX(Z Za,»+2e> —PX(Z > g, +2¢ and X, ga,.)
~Py(ra>1.X, <b) =P (0> X, 2 +2) + P> 1 X, <a and X, > q,+2¢).
Hence
P.(X, <aq)- 2PX(Z > a,.+zg) —P (X, <b) <P (1o <t) <P (X, <a)+ 2PX(Z 2a,»+2£>.

Note that by the symmetry of X we have

Hence from Lemma 4.6,

a;+e _
}g%w‘l(l/t)/ai P.(X, <gq)dx = [E[S(“>1] )
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By (2.1) we have
a;+e _ 2e _
/ [P’X(X,Za,-+26>dx=/ P(X,Zy)dySCltsh(s).

a; 3

Sincey~! € R i/q (see [6, Theorems 1.5.3 and 1.5.12]), we have
llmu/ 1(l/t)/ X > a; +2e>dx=0
Since a; — b > 0, by the symmetry of X and the same argument as above we get
1 a;+e
lim y~ (l/t)/a[ P, (X, <b)dx =0.

The proof is now complete. O

Lemma 4.8. Suppose that X is a symmetric Lévy process with characteristic exponent y € R, for some a € (1,2]. Let Q =
U,(a;, b)) with |Q| = ¥,(b; — a;) < o0. If a; € 0"/Q and € < ((b a;) /\51), then

(e8]
lim y~ 1(1/t)/ ‘L'Q<t)dx—/ P(T“ < 1) du.
0
Similarly, if b, € 0“/Q and € < %((b,- —a;) A 61), then
b; 0
limy/_](l/t)/ P, (tq <1) dx=/ P(T\ < 1) du.
=0 bj—e 0

Proof. Suppose thata; € 0%/Q, € < ‘2 L and x € (a;,a; + ¢). Let(a], bj) with b; = a; be the component of € which is adjacent
to (a;, b;). Then we have under P,

{rq <1} = (T, <1) u{rQ <LT, > t} c{T, <1} u{it > a,+2e0r X, < aj}.

It follows from an argument similar to that in the proof of Lemma 4.7 we have

lim ™~ ‘(1/1)/ X > q,+ 2 or X, <a)dx=o.
Hence we have
lims(}lpy/ 1(l/t)/ TQ<t)dx<11ms(}1pt// 1(l/t)‘/ T <t>dx
1— —
and
hmmfw l(l/t)/ TQ<t)dx>11m1nfw l(l/t)/ T <t>d
Now using Lemma 4.5 we obtain the claim. O

Now we state a result handling the case when Q has infinitely many components.

Lemma 4.9. Suppose that X is a symmetric Lévy process with characteristic exponent w € R, for some a € (1,2]. If Q C R
is of finite Lebesgue measure and has infinitely many components, then

liminf ' (1/0(12 - Qa() =

Proof. If Q has infinitely many components, either A, the number of components in , or B, the number of points in %€, is
infinite. Suppose that A = 0. Let Q = U _,(a;, b;). Then there must be infinitely many i such that a; ¢ 0“Qor b; ¢ 0°7Q. Let

i Y
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1= {i ta; & 0% Q or b, & 0""9}. Given N, take € = €(IN) small so that there are at least N many i's with € < %((bi —a;) A
€1 ) Then it follows from Lemma 4.7 we have

a;+e b;
liItniglf w (1/D(1Q] = 0q) > limionf<z w“(l/t)</ P, (7q <1)dx +/ P, (7 < t)dx))
- = i€1 4i bi—e

> N[E[S("‘)l] .

Now the assertion follows by letting N — oo.
The case when B = oo can be proved in a similar way using Lemma 4.8. |

Now we show that /™ P(Tu(a) <1)du< [E[Wl],
Lemma 4.10. Suppose a € (1,2). Then we have /0°° IP’(TM(“) < 1) du < [E[Wl].

Proof. Since S, is nonnegative, its expectation can be written as E[S@,] = [ [P’(S(“)l > u)du. Note that we have

{Tu(a) < 1} C{S("‘)l > u}. Hence we have

(&) (e
/ P(T® <1) dus/ P
0 0

Assume by contrary that [, P(T" <1)du= IS [P’(S(a)l > u)du. Then we must have P(7," < 1) = [P’(S(Dt)l > u) for a.s.
u € (0, 00).
It follows from [5, Proposition VIII-4] we have

5@, > u> du = [E[S(O‘)l] .

P(S(a)l > u) ~ ki~ asu — o 4.13)

for some constant k. On the other hand, it follows from [34, Theorem 5.3]
! 1
p(r <) =c /0 (1 =)= ps, 1) ds,

1
where p(@(s, -) is the transition density of the symmetric a-stable processes. Since p‘®(s, 1) < s = A s, we have fort < 1 ,

d 1 ry 1
/ @t - s);_lp(">(s, 1)ds < c2/ talsds < c3t5+l
0 0

for some constant c; > 0. By the scaling property Tu(a) and |u|“T1(a> are equal in distribution. Hence we have

1 -
P10 < 1) =P(T" < ) <™ foruz 1. (4.14)
(4.13) and (4.14) yield a contradiction and we reach the conclusion of the lemma. O

Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. 1f Q has infinitely many components, the result follows from Lemma 4.9. Now assume that € has
finitely many components. Write Q = Ufil(ai, b;)andlete = % min; ;. n ((bi —a)ANELA 52), where € and &, are constants in
Lemmas 4.5 and 4.6, respectively. Let BB be the set of points which are the common boundary points of two adjacent components

of Qand A = U,]il {a;,b;} \ B. Then | A| = 2A, |B| = B, and A + B = N. It follows from Lemmas 4.1, 4.7 and 4.8 that

limy ! (1/0(1Q] - 0(0) = }g%w—‘a/t)( /Q P.(7q < t)dx)

\Q,

a;+e by
+}E%w_l(1/t) Z (A PX(TQ < t)dx +/b PX(TQ < t)dx>

a;,byeA k—€
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aj+e bi_y
+limy '/ Y / P, (rq <1)dx +/ P, (rq <t)dx
=0 a;bi_1€B\’Y bj_j—€
j+Pj=1 J J
- 2A[E[W1] +2BC,.
Finally Lemma 4.10 shows that 0 < C; < E[S@,] < co. O

4.2 | Cauchy process

First we give some preliminary results to prepare for the proof of Theorem 4.14. In this subsection we assume that X is a Cauchy
process, that is, a symmetric 1-stable Lévy process, in R with characteristic exponent y (&) = |&|.

b;—a;
5

Lemma 4.11. Suppose that X is a Cauchy process. Let Q = | J,(a;, b;) with |Q| = X,(b; — a;) < c0. If a; & 0“Qand e <
then

/;;[4.5 PX<TQ < t)dx 1

lim =—.
=0 tIn(1/1) z

Similarly, if b; & 0°/Q and € < % then

/;)1,71—8 [FDX (TQ S t)dx 1

lim = —.
t—=0 t]n(]/t) /4

Proof. The proof is almost identical to the proof of Lemma 4.7 using [3, Proposition 4.3 (i)] instead of Lemma 4.6, so we omit
the details. O

Now we address the issue when Q has adjacent components. Recall the definition of augmented set Q in (4.1). It is well
known that, when O < @ < 1, a single point is polar for the process hence T, = inf{s : X, = x} is almost surely infinite. Hence
we have the following result.

Lemma 4.12. If X is a Cauchy process, then Qq(t) = Qp(1).
Proof. By ([7, Theoreme 8]) {0} is polar and therefore 0Q is polar as well. Hence

[FDX(TQ > t) = PX(TQ > t)

almost surely. This implies the claim. O

Lemma 4.13. Suppose that X is a Cauchy process. If Q is of finite Lebesgue measure and Q = Q U 0°?Q has infinitely many
components, then

liming (2= Ce® _
e (/)

Proof. The proof is very similar to the proof of Lemma 4.9 using Lemma 4.11. O

Theorem 4.14. Let X be a Cauchy process. Let Q = | J,(a;, b;) be an open set in R with |Q| = Y ,(b; — a;) < 0. Let A be the
number of components of Q. Then we have

Q| —0a() 24

im—— = =
=0 tIn(1/1) T

Proof. The proof is very similar to the proof of Theorem 4.2 using Lemmas 4.1, 4.11 and 4.12, 4.13 and we omit the details. []

S | PERTURBATION RESULTS

By perturbing the Lévy measure, one gets from a familiar Lévy process other interesting Lévy processes. For example, one can
use to such a perturbation to get relativistic stable processes from stable processes, see Section 6.4. In this section, we study the
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stability of the small time asymptotic behavior of the spectral heat content under such perturbations. In this section, we assume
that Y is a Lévy process in R? with Lévy triplet (A, 7, vY) such that

Q- 0¥
im—- =
t—0 f®

)

where lim,_, —— = 0. Throughout this section, the superscript Y always means quantities corresponding to the process Y.

Now we assume that X is a Lévy process in R? with Lévy triplet (A,y,v) such that the signed measure
o(dx) := v(dx) — v¥ (dx) has finite total variation m.
Here is the main result of this section.

Theorem 5.1. We have
Q1= 0o _ 19105
lim ————~ =lim ———
=0 f() 0 f()
In order to prove Theorem 5.1 we need two lemmas.

Lemma 5.2. If 6(dx) is a nonnegative measure, then for any t > 0 we have
1Q — 031 < ™ (IQ] - 0 (1)) -

Proof. Since v(dx) = v¥(dx)+ o(dx)and o is a nonnegative finite measure, we can write X; =Y, + V;, where V = (V)5 is a
compound Poisson process independent of Y. Let T = inf {s >0:V, # 0}. It is well known that T is exponentially distributed

with parameter m = o-( Rd), see, for instance, [24, Section 19]. Since Tg and T are independent, we have

Q] — Qn(t) = / P, (rq <t)dx > / P (tq <1, T > 1)dx
Q

Q

=/[P’x(r§<t,T>t)dx=/[P’x(rg<t) P(T > 1)dx
Q Q

= / P.(zh <t)e ™ dx=e""(|Q - Q}®).
Q

This establishes the claim of the lemma. [l

Lemma 5.3. If 0(dx) is a nonnegative measure, then for any t > 0 we have
1] = QX (1) > |Q] — e Q1) = (IQ] — Qo)) — (™ = 1)Qn().

Proof. As in the proof of Lemma 5.2, we write X; = Y; + V;, where V is a compound Poisson process independent of Y. Then
by independence of Y and V, we have

e ™Y (1) e—’"f/ P.(z¥>t)dx=P.(T > t)/ P, (¥ >1)dx
Q Q

/Px(rg>t,T>t)dx5/Px(rg>t)dx=QQ(t),
Q

Q

where we used the fact that{rg >t,T> t} C {7q > t} in the last inequality. Hence we have Qg(t) < ™ Qq(¢) and this imme-
diately implies |Q| — ng(t) > Q| — e™Qp(1). O

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. By assumption the signed measure o(dx) has finite total variation. Let 6(dx) = 61 (dx) — 6~ (dx)
be the Hahn-Jordan decomposition (see [12, Theorem 3.3 and 3.4]) of o(dx) such that PUN =R?, PN AN =@, and
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6t (N) =67 (P) = 0. Let Z be a Lévy process with Lévy density vZ(dx) = v(dx)1 ,(x) + v¥(dx)1,(x). Note that o, (dx) :=
v(dx) — vZ(dx) is a nonnegative measure on R? and

m; :=/ o, (dx) = / ot(dx) = |let| < llo]| < oo.
R4 P
Hence from Lemmas 5.2 and 5.3 we have

Q| — Q4(1) < ™' (1Q] - Qu (1))

1Q - Q41 > |1Q] - Q1) — (™' = 1)|Q]. (5.1

By interchanging the role of X and Y we also have
Q] - Q4(1) < ™' (1Q] - 03 (1)
1Q = Q1) 2 19 = Og(1) — (e™ ~ 1)|Q, (5.2)

where 6_(dx) 1= v¥(dx) — vA(dx) and m, := [, 0_(dx) = [,, 07 (dx) < oo.
Hence it follows from (5.1) and (5.2) we have

Q] — QY (1) < 1Q] = Q40 + (" = 1)|Q] < ™' (1Q] = 0g() + (™ - 1)|,

and
Q] = Q5(1) = e™™(1Q] = Q1) = e (1Q] = Qa(1) — ("' ~ 1)I22]) -
. . emr_l _

Since lim,_, o = 0, we have

1QI-08™ L 10] - 0g(0)

lim ——— <liminf ———,

=0 f() R0
and

1 - 0¥ Q| — 0t

1m —Q Z lm Sup M

=0 f(®) 10 AQ)
The proof is now complete. O

6 | EXAMPLES

In this section we examine concrete examples of the small time asymptotic behavior of the spectral heat content for various Lévy
processes.

6.1 | Symmetric stable processes in R and their perturbations

Recall that the Lévy measure of the symmetric a-stable process in R is given by VS (dx) = ﬁc(r_fﬁdx'

(at)

Now we assume that X is a Lévy process in R with Lévy triplet (0, 0, v) such that the signed measure o(dx) = v(dx) — v3“(dx)

has finite total variation m. Let

e ifl<a<2,
£, = t1n§ ifa=1,
t if0<a<l1.
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Note that, when 0 < a < 1, the process X is of bounded variation. As a consequence of Corollary 3.7, Theorems 4.2, 4.14,
and 5.1, we immediately get the following.

Proposition 6.1. Suppose the assumptions in the paragraph above hold. Let Q = | J.(a;, b;) be an open set in R with |Q| =
>(b; — a;) < . Let A be the number of components of Q and B be number of points in 0%/ Q. Then we have

zA[E[Wl] +2BC,, ifl<a<?2,

Q| -0a() _Jo4

im———=— =124

-0 fa@® P ’
Perx(2), O<a< 1.

Remark 6.2. Proposition 6.1 is a natural generalization of the main result in [3]. We remark here that the set  C R is an arbitrary
open in R of finite Lebesgue measure. The class of process we are dealing with here is much larger than the class of symmetric
stable processes.

6.2 | Fractional perimeter for symmetric stable processes in R

(i) If Q C R has finitely many components, then €2 has a finite perimeter, which is equivalent to f(y) is Lipschitz (see [14]),

fo®)

we have /Rd N

dy < . Hence Theorem 3.2 recovers [8, Theorem 3].

(ii) Now we give an example of an open set Q C R with |Q| < oo such that Pergw (€2) = oo forall 0 < a < 1. Let {d,,} ,en C
(0,1) be a strictly decreasing sequence such that 7™ | d, < co. We consider an open set Q :=J*  (n,n + d,). Define for
each y € (0,1) a number n(y) = sup{k : d; > y}. We have go(y) = (d] +dy+ -+ dn(y)) —n(y)y, and

fo® =) di+n(y=nGy.
k=n(y)+1

1

Now we fix b > 1 and consider d,, = PRETTYTR

By the definition of n(y) we have

I 1
n(y)(1 +1Inn(y))? (n(y) + D(1 + In(n(y) + 1)P

and using this it is easy to see

1 —b(. 1
o) 20y 2 35 sy 2 e)n (). ye©1/4. (6.1)

Thus for any 0 < @ < 1 we have

Perg (€2) > / M dy =0

(yl<t/4y 111+

(iii) Finally we state a simple criteria that guarantees Perg«) (£2) < oo.

Lemma 6.3. Let a€(0,1). Suppose that Q= U?;Qi CR, where Q; are open connected and disjoint. If
Yo 191177 < oo, then

Pel's(a) (Q) < 0.

Proof. Note that for x € Q we have

/ —L_uy< 2/ L 250007
Qc [x =yt so) 'Y @
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Hence

1 2 _
PerqwQ = —dydx < =60(x)"*“dx
S@ /g/clx—yl”a y /Qag()

& 5] M ¢S] l—a
2. o 4 (2 dr 4 [l
i=21 '/Qi a Q(-x) X lzzl P /0 7 2 a(l —a) < 2 > O

i=1

Let consider Q = Uff;l (n,n + nib) with b > 1. By the above lemma PergQ < o0 if 5> 1/(1 — a). Hence if b > 1/(1 — a),
then we have

Q| — 0ot
lim 191~ Qa® <
t—0 t

On the other hand, using an argument similar to that leading to (6.1), we get PergwQ = oo, for b < 1/(1 — ). Hence we conclude
that

Q[ — Qo)

lim < ooifandonlyif b > 1/(1 — a).
=0 1) Y /

6.3 | Isotropic a-stable processes in R?, a« € (0,1) and d > 2

Consider an isotropic a-stable process S with 0 < @ < 1 on R?, d > 2. Suppose that the open set Q satisfies the following
volume density condition (see [33, Equation (1.1)])

|Q N B(x,2d(x,0Q))| > c¢dist(x, dD)?

for some constant ¢ > 0 and |0€2| = 0. Then it follows from [33, Theorem 1] that Px(rgn) [S dQ) = 0 for all x € Q. Hence by
Theorem 3.4 we have

_lel-08"m
lim ———=— = Pergw Q).

Note that any Lipschitz open sets satisfy volume density condition.

6.4 | Relativistic stable processes

Suppose that X" is a relativistic a-stable process with mass m > 0 whose characteristic exponent is
2, 2/a)\%/2 d
y"(©) = (16 +m? )" —m, ceR”

Let v™(x) be the Lévy density of X". It is well-known that 0 < v"(x) < vS(a)(x) and

/Rd (vs(n)(x) - vm(x)> dx =m < 0.

Hence if @ > 1 and d = 1, it follows from Proposition 6.1 that

Q| -0X" () 2A[E[W1] +2BC,, if l<a<?2,

lim—2 " =
i~0  f(0) EE—
T

On the other hand when 0 < @ < 1 and Q is a Lipschitz open set in R¢, d > 2 or an arbitrary open set in R it follows from
Corollaries 3.5 and 3.7 that

_1Ql-0%" 0
lim ————— = Perxn(Q).
1—
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6.5 | Truncated stable processes

Let XT be a truncated a-stable process with Lévy triplet (0, 0, vXT ) , Where

T ()
VE () = V30 - 1<y (0.
By the same argument as in the case of relativistic stable processes, we get that when a > 1 and d = 1, we have
Ql-0¥w |24e[S\"] +2Bc,. if 1 2
Q| —Qg, () |t 1 I <a<,

m-——-—- =
=0 f,(0) 24
T

a=1.

When 0 < & < 1 and Q is a Lipschitz open set in R¢, d > 2 or an arbitrary open set in R it follows from Corollaries 3.5 and 3.7
that

ol - 0¥
lim ———=— = Perxr(Q).

6.6 | Logarithmic perturbations

Let X be a Lévy process with Lévy triplet (0,0, vX"), where

p
VX (dx) = <ln<2 + L)) V),
Iyl

where € R. By [10, Proposition 2] we have that w' € R, and w’(s) ~ 5% In’(s), where f(s) ~ g(s) means lim Lo _q

§—>00 g(S)

This and [6, Proposition 1.5.15] imply (u/L)_l(s) ~ s1/@1n7P/%(s). Hence we get by Theorem 4.2, for a > 1

19 - 0X'()

im—— 2 2A[E[Wl] +2BC;.
=0 ¢1/a lnﬁ/a(l/t)

When @ < 1 ora = 1 and f# < —1 the process X* is of bounded variation, therefore one can apply Theorem 3.4 and Corollaries
3.7 and 3.5 in this case.

6.7 | Strictly stable processes with 0 < o < 1

Let X5 be any non-degenerate strictly stable processes with 0 < @ < 1 and Q be a bounded Lipschitz open set in R?, d > 1.
The argument in the proof of [24, Theorem 42.30] shows that (3.4) is satisfied. Hence it follows from Corollary 3.6

19l - 0%
lim ———=— = Perss(Q).
t—
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