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Abstract

In this thesis, we study potential theoretic properties of harmonic functions and spectral problems
of a large class of Lévy processes using probabilistic techniques.

In chapter 3 we prove sharp two-sided Green function estimates in bounded rk-fat domains D for
a large class of Lévy processes, which can be considered as perturbations of certain subordinate
Brownian motions. In particular, we prove that in bounded C'!' domains D, the Green func-
tion G%(:c, y) of symmetric Lévy processes Y whose Lévy densities are close to those of certain

subordinate Brownian motions with characteristic exponent W(|¢|) = ¢(|¢|?) satisfies

y _ o(lz —y[™?) 1
Cple,y) = (1 : \/¢(5D(x)—2)¢>(5p(y)—2)> |z —y|? o(|z —y[~2) 001

In chapter 4 we use the Green function comparability result to obtain a version of the boundary
Harnack principle for positive harmonic functions that vanish outside a part of the boundary of D
and some small ball with respect to perturbations of SBMs in bounded x-fat domains D.

In chapter 5 we use the boundary Harnack principle to prove that the Martin boundary and
the minimal Martin boundary of k-fat domains D with respect to Y can be identified with the
Euclidean boundary of D.

In chapter 6 we turn our attention to some spectral problems about relativistic stable processes.
We establish the asymptotic expansion of the trace (partition function) Z} (t) of relativistic stable

processes on bounded C! open sets and Lipschitz open sets as t — 0.

ii



Acknowledgements

It is a great pleasure to thank my academic advisor, Renming Song. It was the Fall semester
in 2007 when I first took a reading course about Lévy processes with him. From that time, his
encouragement and support make me continue my study and finish this thesis. I am indebted to
my coauthor Panki Kim. From the Fall semester 2009 to the Spring semester 2010, he visited
UIUC to spend his sabbatical year and a part of works in this thesis has been done while he was
visiting UTUC at that time.

I want to express my gratitude to Scott Ahlgren, who used to supervise my classes while I was
teaching undergraduate classes here in UIUC. He showed me the way to become a good instructor
while I was serving as a head TA for a calculus course he taught. I also want to thank my committee
members, Robert Bauer, Richard Sowers, and Zhong-Jin Ruan, for their committee services and
teaching me several probability and analysis courses.

I thank my friends here in UIUC, especially to Qiang Zeng and Eunmi Kim. I enjoyed having
mathematical conversations, discussions, and working seminars about Dirichlet forms with Qiang
Zeng. I thank Eunmi Kim who joined mathematics department in the same year with me and

spent a fun mathematical journey together with me.

iii



Table of Contents

Chapter 1 Introduction . . . . . . . . @ i i i i i i i i ittt ittt ot 1
Chapter 2 Preliminaries . . . . . . . . . . .. .. e 7
2.1 Lévy Processes . . . . . . . . .. 7
2.2 Subordinate Brownian Motions . . . . . . .. . ... L Lo 8
Chapter 3 Green Function Estimations . . . . . .. ... ... ............ 13
3.1 Preliminaries . . . . . . . . L 13
3.2 Generalized 3G Theorem . . . . . . . . . . . 15
3.3 Feynman-Kac Perturbations . . . . . ... ... . oo o 22
3.4  Green Function Estimate for Perturbations of Subordinate Brownian Motions . . . . 29
3.4.1 Positive g Case . . . . ... e 32

3.4.2 General Case . . . . . . . L 34
Chapter 4 Boundary Harnack Principle . .. ... ... ... ............ 38
4.1 Uniform Green Functions Comparability . . . . . . ... ... ... ... .. ... 40
4.2 Harnack Principle . . . . . . . . 46
4.3 Boundary Harnack Principle. . . . . . . ... ... o 49
Chapter 5 Martin Boundary and Minimal Martin Boundary ... ..... ... 57
5.1 Martin Boundary and Martin Representation . . . . . . ... ... ... ... ... 57
Chapter 6 Trace Estimate of Relativistic Stable Processes . . . . ... ... ... 69
6.1 Introduction and Statement of the Main Results . . . . . ... ... ... ... ... 69
6.2 Preliminaries . . . . . . . . ... e 73
6.3 Proof for Bounded C*! Open Sets . . . . . . . . .. ... .. ... ... ... 77
6.4 Proof for Bounded Lipschitz Open Sets . . . . . . . . .. . ... ... ... ..... 84
References . . . . . . . o o o e e e e e e e e e e e 93

iv



Chapter 1

Introduction

The study of fine potential theory of discontinuous (jump) Lévy processes started in the late
90’s with the study of stable processes. The (symmetric) a-stable processes are Lévy processes
with characteristic functions e 1, where « is in (0,2]. When a = 2 one obtains Brownian
motions, which have continuous sample paths; and when 0 < a < 2, the corresponding processes
are pure jump processes. a-stable processes with o € (0,2) have various applications in physics,
operation research, queuing theory, mathematical finance, and risk estimation. In physics, they
are often called Lévy flights and are used in many concepts in physics such as turbulent diffusion,
vortex dynamics, anomalous diffusion in rotating flows, and molecular spectral fluctuation. In
mathematical finance, a-stable processes are used to model stock returns in incomplete markets.

Even though discontinuous stable processes are more suitable to model financial data than their
continuous counterparts, it has been observed that the data tends to be more Gaussian in a large
time scale, which can not be explained using stable processes. Relativistic stable processes with
mass m are pure jump Lévy processes with characteristic functions exp(—t((m?/*+|¢|?)®/2—m) and
seem to be good models to explain such cases. Relativistic stable processes also have applications in
physics. When « = 1 relativistic stable processes correspond to the kinetic energy of a relativistic
particle with mass m.

Both stable and relativistic stable processes can be considered as members of a large class of
Lévy processes called subordinate Brownian motions (SBM). Subordinate Brownian motions are
Brownian motions observed at an independent random time (subordinator). When the Laplace
exponent ¢(\) of the subordinator is given by ¢(\) = A*/2, the corresponding SBMs become a-
stable processes and when $¢(\) = (A + m?/*)*/2 — m, they correspond to relativistic a-stable
processes with mass m. Hence, the family of SBMs contains a large class of interesting examples

and is still more tractable than general Lévy processes. SBMs also arise naturally in finance and



it is asserted that the asset price should be modeled as SBMs rather than Brownian motions.

The goal of this thesis is to study potential and spectral properties of SBMs and their perturba-
tions. More precisely in chapter 3, we will prove the generalized 3G theorem for certain classes of
SBMs and use this to prove that Green functions of SBMs and their perturbations are comparable
in bounded k-fat domains. In chapter 4, we use the Green function comparability result to prove
the boundary Harnack principle (BHP) for perturbations of SBMs considered in chapter 3. In
chapter 5, we also prove that the Martin boundary and the minimal Martin boundary of k-fat
domains with respect to perturbations of SBMs can be identified with the Euclidean boundary of
the domain. In chapter 6, we turn our attention to some spectral problems of relativistic stable
processes. We prove the asymptotic expansion of the trace (partition function) of relativistic stable
processes for bounded C1'! open sets and bounded Lipschitz open sets.

The 3G theorem is a very important tool in studying (local) Schrédinger operators. It was
established for Brownian motions in bounded Lipschitz domains for d > 3 in [28]. Later it was
extended to bounded uniformly John domains for d > 3 in [2] (See [6, 33, 52, 56] for d = 2). For
symmetric a-stable processes, a € (0,2), it was proved for bounded C%! domains in [21, 22, 44].
More precisely, it was proved in [21, 22, 44] that for every d > a and any bounded C''! domains

D there exists a positive constant ¢ = ¢(D, «) such that

GD(may)GDQ/?Z) < e |"E_Z|d7a
Gp(z,z) T e —yliely = 2dme

x,y,2 € D, (1.0.1)

where Gp is the Green function of symmetric a-stable processes for D. Later (1.0.1) was extended
to bounded Lipschitz domains for symmetric a-stable processes (0 < a < 2) in [34] and even to
bounded k-fat open sets in [54].

When the processes are discontinuous, there is a large class of additive functionals which are not
continuous. Such additive functionals give rise to a large family of non-local Schrodinger operators.
In order to deal with non-local Schrédinger operators, one needs the generalized 3G theorem,
which gives an upper bound on é(w, Y, Z,w) = ép(x,y)éD(z,w)/éD(x, w) where y and z can be
different (see Theorem 3.2.16). The generalized 3G theorem was proved in [35] for symmetric stable

processes in bounded s-fat open sets (see also [34]) and it can be stated as there exist constants



c¢=c¢(D,a) and 0 < n < « such that for all z,y,z,w € D

~ _ A _ n _ A _ n _ d—a
G(z,y,z,w) <c —|x wlAly — 2] V1 —|x wl Ay — 2| V1 |2 — wl . (1.0.2)
|z —yl |z — y|?=o|z — w|de

We first extend (1.0.2) to subordinate Brownian motions considered in [40, 41, 43] in bounded x-fat
open sets D. Then we use the generalized 3G theorem to find concrete sufficient conditions for the
Kato class of the subordinate Brownian motions (See Theorem 3.3.4, 3.3.5).

Sharp two-sided Green function estimates for a large class of subordinate Brownian motions X
in x-fat open sets D were established in [43]. The main goal of chapter 3 is to extend this result
to more general Lévy processes. We prove that, for symmetric Lévy processes Y which can be
considered as perturbations of processes X studied in [43], the Green function Gp(x,y) of X in D
and its counterpart G’g(x, y) are comparable for any bounded s-fat domains D. Let J be the Lévy
density of X, then the processes Y are symmetric purely discontinuous Lévy processes with the
Lévy density J¥ such that |o(x)| < cmax{|z|~9*,1} for some constants ¢ > 0,p € (0,d) where
o(x) = JY (x) — J(z). Note that our main assumption is about the behavior of the Lévy density of
Y near 0 and we do not impose any restriction about ¢ outside the unit ball other than ¢ being
bounded there. The Lévy density of Y may vanish outside the unit ball. In this case Y only
have jumps of size less than 1 and they correspond to a natural generalization of truncated stable
processes studied in [37, 38]. One of the main tools used in this chapter is the drift transform
studied in [26]. We first use the drift transform and our generalized 3G theorem to show that,
under the additional assumption that JY (z) > J(z) for all # € R, G¥(z,y) is comparable to
Gp(z,y) for any bounded k-fat (not necessarily connected) open sets D (Theorem 3.4.6). Then we
deal with the general case where o can take both signs (Theorem 3.4.13).

The boundary Harnack principle (BHP) for classical nonnegative harmonic functions is a very
deep result in potential theory and has very important applications in probability and potential
theory. The boundary Harmonic principle for nonnegative harmonic functions with respect to
non-local operators (or, equivalently, discontinuous Markov processes) was first established in [10]
for symmetric stable processes in Lipschitz domains. Since then, the result has been generalized
in various directions. In one direction, the BHP is established for more general open sets than

Lipschitz domains. In [54], the boundary Harnack principle was established for k-fat open sets



for nonnegative harmonic functions with respect to rotationally symmetric stable processes. The
boundary Harnack principle has also been established for arbitrary open sets. In [12], the authors
proved the boundary Harnack principle for rotationally symmetric stable processes in arbitrary
open sets with the constant not depending on the geometry of the open sets. This type of result
is known as the uniform boundary Harnack principle. In another direction, the boundary Harnack
principle has been established for nonnegative harmonic functions with respect to different classes
of Lévy processes. In [40], the authors proved the boundary Harnack principle for nonnegative
harmonic functions with respect to a wide class of subordinate Brownian motions in bounded s-fat
open sets. In [42], the authors proved the uniform boundary Harnack principle for very general
Lévy processes which are not necessarily subordinate Brownian motions. In [37], the boundary
Harnack principle was proved for nonnegative harmonic functions with respect to truncated stable
processes in x-fat open sets with an extra condition that the harmonic functions vanish outside
a small ball as well as near a part of the boundary of the domain and for nonnegative harmonic
functions with respect to truncated stable processes in bounded convex domains without the extra
condition mentioned above.

In chapter 4, we generalize the boundary Harnack principle for symmetric Lévy processes Y,
which can be considered as perturbations of subordinate Brownian motions that appeared in chapter
3. In this version of the boundary Harnack principle, we assume that the harmonic functions vanish
outside a small ball as well as a part of the boundary of the domain. This is not a merely technical
point since it was proved in [37] that without the condition that harmonic functions vanishing
outside a small ball, the boundary Harnack principle for truncated stable processes fails to hold
in non-convex domains. One of the main ingredients to prove the boundary Harnack principle is
the uniform Green functions comparability result of the Green functions G (z,y) and G (z,y) of
subordinate Brownian motion X and their perturbations Y for all sufficiently small bounded x-fat
domains D.

In chapter 5, we study the Martin boundary and the minimal Martin boundary of bounded x-fat
domains with respect to Y. Superharmonic and harmonic functions with respect to killed Markov
processes have been studied in the context of general theory of Markov processes and their potential

theory in [46]. However, it was not until late 1990’s and early 2000’s that special case of harmonic



functions with respect to killed stable processes was investigated in [11, 23, 47]. Later the study
of the Martin boundary of various jump processes has been investigated in [16, 17, 37, 38, 40].
In this chapter, we show that for bounded k-fat domains, the Martin boundary and the minimal
Martin boundary with respect to perturbations of subordinate Brownian motions can be identified
with the Euclidean boundary of the domain. Furthermore when the domain is a bounded C!
domain, we get sharp two-sided estimates for the Martin kernel of the domain with respect to Y.
The (uniform) Green functions comparability result plays a crucial role in this chapter.

In chapter 6, we study the spectral problems of relativistic stable processes. In particular, we
study the asymptotic behavior of the trace of the (killed) relativistic stable processes as t — 0. The
asymptotic behaviors of the trace Zp(t) of killed Brownian motions (i.e., killed symmetric a-stable
processes with o = 2) in bounded domains D of R? have been extensively studied by many authors.

It is shown in [7] that, when D is a bounded C':! domain,

D 1-d/2
Zp(t) — (47rt)7d//2 <D| — \/;78D|>‘ < %, t>0.
The following asymptotic result
Zp(t) = (4mt)~Y? <|D| - \/THWD\ + 0(t1/2)> . =0, (1.0.3)

was proved in [13] when D is a bounded C'' domain. (1.0.3) was subsequently extended to Lipschitz
domains in [14].

The asymptotic behaviors of the trace Z%(t) of killed symmetric a-stable processes, 0 < o < 2,
in open sets of R? have been studied in [3, 4]. It was shown in [3] that, for any bounded C*! open

sets D,
Ci|D|  Cy|dD|tY/« <c\D|t2/a

0
ZD(t) td/a td/a - r(?)td/a ’

where C] and Cy are the same as in Theorem 6.1.1 and ¢ is a positive constant depending on d

and « only. It was shown in [4] that, when D is a bounded Lipschitz domain, Z%(t) satisfies

tY 29 (t) = C1|D| — CoHA™HAD)E + o(t1/*).



In chapter 6, we prove the asymptotic expansion of the trace (partition functions) Zp(t) of
relativistic stable processes as t — 0 in Theorem 6.1.1 and 6.1.2 for bounded C'™! open sets and
bounded Lipschitz open sets, respectively. For relativistic stable processes, the corresponding trace
Z}(t) has similar first and second leading terms as the trace of stable processes but there appear
extra twist terms. We note here that as in the case of stable processes, the first leading term of
Z}(t) involves an area of the domain and the second leading term involves a perimeter of the
domain.

In this thesis we always assume that o € (0,2) and d is a positive integer with d > «. We
will use the following convention: The values of the constants Cy, C1, M, rg,r1,72,--- and &1
will remain the same throughout this thesis, while ¢, ¢1, ca, - - - stand for constants whose values are
unimportant and which may change from one appearance to another. The labeling of the constants

[

cp,C1,Ca, -+ starts anew in the statement of each result. We use “:=” to denote a definition, which
is read as “is defined to be”. We denote a A b := min{a,b}, a Vb := max{a,b}. f(t) <g(t),t—0
(f(t) < g(t), t = oo, respectively) means that the quotient f(t)/g(¢t) stays bounded between two
positive constants as ¢ — 0 (as t — oo, respectively). For any open set U, we denote by dy(x) the

distance of a point z to the boundary of U, i.e., oy (x) = dist(z, U).



Chapter 2

Preliminaries

2.1 Lévy Processes

Definition 2.1.1. Stochastic processes Xy are called Lévy processes if they satisfy

1. For any choice of n > 1 and 0 <tg < t; < --- < ty, the random variables Xy,, X, — Xyy, Xp, —
Xy, Xy, — Xy, | are independent.

2. Xo =0 almost surely.

3. The distribution of X¢ys — Xs does not depend on s.

4. There is Qo € F with P[Qg] = 1 such that, for every w € Qo, X (w) is right continuous in t > 0

and has left limits in t > 0.

For any probability measure z, we define its characteristic function ji(z) := [e'<*¢> f(£)d¢. A
measure g is said to be infinitely divisible if for any n > 1 there exists a measure pu, such that
= " where x is a convolution of measure. It is well known that ([50, Theorem 7.10] stochastic
processes X are Lévy processes if and only if p is infinitely divisible, where p = Px,. It is also
well known that if p is infinitely divisible, its characteristic function fi has a unique decomposition

called the Lévy-Khintchine formula.

Theorem 2.1.2. 1. If u is an infinitely divisible distribution on R?, then

1 )
i(z) = exp ~3 <z, Az>H4i <7,z > +/Rd (" —1—i<z,2> 13(071)(30)) v(de)|, zeR%
(2.1.1)

where A is a symmetric nonnegative-definite d x d matriz, v is a measure on R% satisfying

v({0}) =0 and /Rd (|:1:|2 A1) v(dz) < oo, (2.1.2)



and v € R?,

2. The representation of fi(z) in (2.1.1) by A, v, and 7 is unique.

3. Conversely, if A a symmetric nonnegative-definite d x d matriz, v is a measure satisfying (2.1.2),
and v € RY, then there exists an infinitely divisible distribution p whose characteristic function is

given by (2.1.1).

Example 2.1.3. 1. Let A=1,v=0, and v =0 in (2.1.1). The corresponding processes X are

Brownian motions, whose sample paths are continuous almost surely.

2. Let A=0,v=0, and v(dz) = \Cgc(ﬁlfi dx in (2.1.1), where o € (0,2). The corresponding processes
are a-stable processes of index . Unlike Brownian motions, the sample path of a-stable processes
is discontinuous.

2.2 Subordinate Brownian Motions

The purpose of this section is to develop the theory of subordinate Brownian motions under the
assumption that the Laplace exponent of the subordinator is a complete Bernstein function and
is comparable to a regularly varying function at infinity. We will closely follow the argument and
notations in [41]. We first recall the definition of subordinators and their relation to Bernstein
functions. Recall that a subordinator S = (S;) is an increasing Lévy process taking values in [0, 0o)

with Sy = 0. A subordinator is completely characterized by its Laplace exponent ¢ via
E [exp(—AS;)] = exp(—tp(A)), A > 0.
The Laplace exponent ¢ can be written as
oo
o =+ [ e,
0

where b > 0 and p is a o-finite measure on (0, 00) satisfying

/00 (LAL) p(dt) < oo.
0



The constant b is called the drift, and u the Lévy measure of the subordinator S. Now we recall the
definition of Bernstein functions and the relation between Bernstein functions and subordinators.
A C* function ¢ : (0,00) — [0, 00) is called a Bernstein function if (—1)"D"¢ < 0 for every positive

integers n. Every Bernstein function has a representation (cf. [51, Theorem 3.2))

d(\) =a+ b\ + /00(1 — e Myu(dt), (2.2.1)
0

where a,b > 0 and p is a measure on (0, 00) satisfying [ (1 At) pu(dt) < co. Thus a nonnegative
function ¢ on (0,00) is the Laplace exponent of a subordinator if and only if it is a Bernstein
function with ¢(0+) = 0. A Bernstein function is called a complete Bernstein function if the Lévy
measure p has a completely monotone density p(t), i.e., (=1)"D"u > 0 for every non-negative
integer n.

The potential measure of the subordinator S is defined by
[oe]
U(A) :]E/ 1{St€A}dt7 A - [0,00)
0

Note that U(A) is the expected time that the subordinator S spends in the set A. The Laplace
transform of the measure U is given by

1

£U(/\):/OOo e‘Ath(t):E/Oooexp(—tSt)dt: 0

From now on we will impose the condition that every Bernstein function that appears as the
Laplace exponent of some subordinator is always a complete Bernstein function with (0, 00) = oo

and zero drift b = 0. That is,
¢ is a complete Bernstein function, p(0,00) = oo, and b = 0. (2.2.2)

Note that when p(0,00) = co and ¢ is a completely Bernstein function, the potential measure U
of S has a completely monotone density u. (See [41, Corollary 2.3].) Next we will impose another
condition on ¢ to determine the asymptotic behavior of w and p near the origin. Note that this

essentially follows from Tauberian type theorems and the monotone density theorem by using the



information about ¢ near infinity. If we impose a condition about ¢ near 0, then it is possible to
determine the asymptotic behavior of u and p near infinity. Since we will be dealing with processes
on bounded sets D, the behavior near the origin is more important and we will just impose the
condition about ¢ near infinity.

From now on, we will assume that there exist a € (0,2) and a function ¢ : (0,00) — (0, 00) which

is measurable, locally bounded and slowly varying at infinity such that
() = A20(N), N — . (2.2.3)

Under conditions (2.2.2) and (2.2.3), it follows from [41, Theorem 2.9, 2.10] that

Theorem 2.2.1 (Theorem 2.9 [41]). Let S be a complete subordinator with Laplace exponent ¢

satisfying (2.2.3). Then the potential density u of S satisfies

ta/?—l

u(t) = 1797 < ey

t—0+.

Theorem 2.2.2 (Theorem 2.10 [41]). Let S be a complete subordinator with Laplace exponent ¢

satisfying (2.2.3). Then the Lévy density p of S satisfies
p(t) <t lo™ ) <t @Y, t—0+.

Now we will define and investigate subordinate Brownian motions (SBM). Loosely speaking,
subordinate Brownian motions are just time changed Brownian motions. The time is represented
by an independent increasing Lévy process (subordinator) and can be considered as an operational
time or an intrinsic time. When we deal with stochastic models, it is often desirable to use
subordinate Brownian motions rather than Brownian motions and this is one motivation for the
study of subordinate Brownian motions. Now we will define SBMs rigorously. Let B = (B, P,) be

Brownian motions in RY with transition density p(t,z,y) = p(t,y — ) given by

2

p(t,z) = (4mt) =42 exp(—i—t), t> 0,2,y € R%

Note that Brownian motions here are twice faster than usual Brownian motions in the literature.

10



The semigroup (P; : t > 0) of B is defined by P, f(z) = E,[f(B)] = [gap(t,2,y)f(y)dy, where f
is a nonnegative Borel function on R?. Note that when d > 3, the Green function G2(x,y) =

G%*(z —y),z,y € R? of B exists and

& 'd/2-1), _
20, _ d+2
G*(z) —/0 p(t, z)dt = 1) || .
Let S = (St,t > 0) be a complete subordinator which is independent to B with the Laplace
exponent ¢(\), the Lévy measure p and the potential measure U. We will always assume that
¢ satisfies (2.2.2) and (2.2.3). Stochastic processes defined by X; := Bg, are called subordinate

Brownian motions and they are Lévy processes with the Lévy exponent ®(x) = ¢(|z|?) (see [50,

pp. 197-198]). The semigroup of X is given by (Q; : t > 0)

Quf(x) = By [f(X1)] = B [f(B(Sh))] = /Ooo Psf(2)P(S; € ds). (2.2.4)

From (2.2.4), it is easy to see that the transition density (heat kernel) of X is given by q(¢,z,y) =
q(t,x —y), where
oo
q(t,x) = / p(s,z)P(S; € ds).
0

We will always assume that the Lévy processes X are transient. According to the criterion of
Chung-Fuchs type (see [50, pp. 252-253]), the Lévy processes X are transient if and only if for
some small 7 > 0, f{\w|<r} ﬁdaz < 00. Since ®(z) = ¢(|z|?), it follows that the Lévy processes X

are transient if and only if

)\d/271
/0+ SOy A< o (2.2.5)

This is always true when d > 3 and when d = 1,2 we will impose another assumption on ¢ to
guarantee that the Lévy processes X are transient. This condition is as follows. For d < 2, there
exists v € [0, d/2) such that

0N

lim inf N 0. (2.2.6)

A—0

Note that when (2.2.6) is true, (2.2.5) is also true. Now we will define the potential measure and

the Green function of X. For z € R? and a Borel subset A € R%, the potential measure of X is

11



given by

G(l‘,A) = Ex/o 1{Xt€A}dt = A QtlA((L‘)dt :/0 /0 PslA(JJ)]P)(St S dS)dt

/ PSIAU(S)dSZ// p(s,z,y)dsdy.
0 AJo

Let G(z,y) denote the density of the potential measure G(z,-). Then it is easy to see that G(z,y) =

G(y — x), where

The Lévy measure IT of X is given by

II(A) = /A/Ooop(t,x)u(dt)da: = /AJ(m)d:c, ACRY,

where

() = /O "t )pldt) = /0 ()bt (2.2.7)

is the Lévy density of X. Define the function j : (0,00) — (0, 00) by

oo 2
jlr) = / (47r)~4/24=/2 exp(f%)u(dt), r > 0.
0

Note that by (2.2.7), J(z) = j(|z]), * € R\ {0}. Since x — p(t,x) is continuous and radially

decreasing, we conclude that both G and .J are continuous on R? and radially decreasing.

12



Chapter 3

Green Function Estimations

3.1 Preliminaries

In this section, we recall some preliminary results about subordinate Brownian motions consid-
ered in [40, 41]. The following theorem establishes the asymptotic behaviors of G and j near the

origin (see [43, Theorem 2.9, 2.11]).

Theorem 3.1.1.

1 1
C@) = GlgrD = wEegey
(i) . .
J(@) = j(jal) = WD =D

|I‘d - |x|d+a ’

For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t > 0: X; ¢ D}.
Given an open set D C R?, we define X (w) = X;(w) if t < 7p(w) and XP(w) = 9 if t > 7p(w),
where 0 is a cemetery state. XP is called the killed subordinate Brownian motion X in D. We

now recall the definition of harmonic functions with respect to X.

Definition 3.1.2. Let D be an open subset of R*. A nonnegative function u defined on R is said

to be

(1) harmonic in D with respect to X if

u(z) = Eg [u(X75)], r€B

for every open set B whose closure is a compact subset of D;

13



(2) regular harmonic in D with respect to X if for each x € D,

w(z) = Eq [u(Xrp)]-

The following version of the Harnack inequality is [43, Theorem 2.14].

Theorem 3.1.3. For any L > 0, there exists a positive constant ¢ = c(d,¢,L) > 0 such that
the following is true: If x1,xo € R? and v € (0,1) are such that |xy — x3| < Lr, then for every

nonnegative function u which is harmonic with respect to X in B(x1,7)U B(xz2,r), we have
cru(zy) < u(zy) < cu(x).

For any open set D in R?, we will use Gp(z,y) to denote the Green function of X?. Using the
continuity and the radial decreasing property of GG, we can easily check that Gp is continuous in
(D x D)\ {(z,z) : « € D}. We will frequently use the well-known fact that Gp(-,y) is harmonic

in D\ {y}, and regular harmonic in D \ B(y,¢) for every £ > 0.

The following concept was introduced in [54].

Definition 3.1.4. Let x € (0,1/2]. We say that an open set D in R is k-fat if there exists ro > 0
such that for each Q@ € D and r € (0,79), DN B(Q,r) contains a ball B(A,(Q),xr). The pair

(ro, k) 1s called the characteristics of the k-fat open set D.
The following boundary Harnack principle is [41, Theorem 4.22].

Theorem 3.1.5. ([40, Theorem 4.8], [41, Theorem 4.22]) Suppose that D is a k-fat open set with
characteristics (rg, ). There exists a constant ¢ = ¢(d, ro, k, ¢) > 1 such that, if r € (0,79 A %] and
Q € 0D, then for any nonnegative functions u, v in R% which are regular harmonic in DN B(Q, 2r)

with respect to X and vanish in DN B(Q, 2r), we have

1 U(AT(Q))

c <

ze DﬂB(Q,%).
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3.2 Generalized 3G Theorem

In this section, we prove a generalized 3G theorem for X in a bounded k-fat open set D. This
theorem will play an important role later in this chapter.
We first present some preliminary results which are valid for any bounded open set D. The

following proposition is a combination of [43, Proposition 3.2 and Lemma 3.3].

Proposition 3.2.1. Suppose D is a bounded open set in RY. (i) There exists a positive constant

Cy = Cy(diam(D), ¢, d) such that

1
|z =yl l(jz —y| )’

Gp(z,y) < Cy r,y € D. (3.2.1)

(ii) For every L > 0, there exists ¢ = c(diam(D),®,L,d) > 0 such that for every |x — y| <

L(6p(x) Adp(y)),
1

C .
|z — yld=(lz — y|~2)

GD(‘Ivy) Z

In the remainder of this section, we assume D is a bounded x-fat open set with characteristics
(ro, k). Without loss of generality we may assume that g < 1/4. Recall that for each Q € 9D
and r € (0,79), 4,(Q) is a point in D N B(Q,r) satistying B(A,(Q),xr) C D N B(Q,r). Since

Gp(z,-) is regular harmonic in D \ B(z,¢) for every € > 0 and vanishes outside D, the following

result follows easily from Theorem 3.1.5.

Theorem 3.2.2. There exists a constant ¢ = ¢(d, g, k, @) > 1 such that for any @ € 0D, r € (0, r¢]

and z,w € D\ B(Q,2r), we have

ol Gp(2,4,(Q) _ Gp(z7) Gp(z, A(Q))
GD(waAT(Q)) o GD(w,x) GD(wvAT(Q))

IN
o

, xeDﬂB(Q,g).

Using the uniform convergence theorem ([8, Theorem 1.2.1]), we can choose r; < ro such that if

r < ry then

—_

€O ) )

< 9. 3.2.2
<<kt LT T (3.22)

< min

2 7 lasee () T

Fix z9 € D with kr; < dp(z0) < r1 and let &1 := wxry/24. For z,y € D, we define r(z,y) :=

15



op(z) Vip(y)V |z —y| and

{A € D: ép(A) > §r(z,y), |[v— Al V]y— Al < 57‘(33,3;)} if r(z,y) < ey
B(x,y) :=
{20} if r(x,y) > e1.

Note that if 7(z,y) < &1
1
6(5[)(14) < dp(x)Vip(y) Ve —y| < 2/@'7151)(14), A € B(xz,y).

Thus by (3.2.2), if r(z,y) < €1,

1 _ £((6p(4)7?)
2 S Aoy ) =5 4BV
Let
Cl — COQdfa(SD(ZO)fdJra . sup E(T72)71

dp(20)/2<r<diam(D)
so that, by Proposition 3.2.1(i), Gp(-, z9) is bounded from above by C; on D \ B(zy,dp(z0)/2).
Now we define

g(x) == Gp(z, zp) N Ch.

Note that if dp(z) < 6ey, then |z — 29| > 0p(z0) — 6e1 > dp(20)/2 since 6e1 < dp(z0)/4, and
therefore g(z) = Gp(z, 20).

The following result is established in [43].

Theorem 3.2.3 ([43, Theorem 1.2]). There ezists ¢ = c(diam(D),d,rg,k,$) > 0 such that for

every x,y € D

-1 9(x)g(y) 9(2)g(y)
© GG to(e %) = OOV = R gy A EE0

Lemma 3.2.4. There exist positive constants ¢ = ¢(d,ro,k,¢), 8 = B(d,ro,k,¢) < o and ry €

(0,71] such that for any Q € 9D, r € (0,r2), and nonnegative function u on R? which is harmonic
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with respect to X in D N B(Q,r) we have

r\B £(s7%)
< - .
w4 Q) < ¢ (3) gyl As@), s€O0)
Proof. Without loss of generality, we assume @Q = 0. Let a; := (%)k for k =0,1,--- . By using

[41, Proposition 4.10] instead of [40, Proposition 3.8] and repeating the proof of [40, Lemma 5.2],
we easily see that [40, Lemma 5.2] is valid in the present case. Thus there exist positive constants
c=c(d,ro,k,¢), B =pB(d,r0,k,$) < a, and Ry € (0,71] such that for every k =0,1,---,

r A apr) 2
u(Ar(0)) < ¢ () WU(AW(O))7 r € (0, Ry].

arT
Since ¢ is slowly varying at oo, there exist Ry = Ra(d, 3,¢) € (0, R1] and co = co(d, 3,¢) > 0 such

that
B B

T =

Vo< s<r<R,. (3.2.3)

Thus if r < Ry and ag4+17 < s < agr, by (3.2.3) and Theorem 3.1.3,

<
sy
I~
—
c’JI
[\
~—

for some positive constants cs, ¢4 independent of s. O

Applying [41, Lemma 4.19] to Green functions, we have the following.

Lemma 3.2.5 (Carleson’s estimate). There exists ¢ = ¢(d, ro, k, ¢) > 1 such that for every Q € 9D,

r€(0,1/4), and y € D\ B(Q,4r)

Gp(z,y) < ¢cGp(A(Q),y), =€ DNBQ,r). (3.2.4)

For every z,y € D, let Q. and @, be points on D such that 0p(x) = |[z—Q.| and ép(y) = [y—Qy|
respectively. It is easy to check that if r(z,y) < €1, Ayuy)(Qz), Ar@y)(@y) € B(w,y). (For

example, see [35, page 123].) Moreover, since g(A41) < g(Asg) for all Ay, As € B(x,y) by Theorem
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3.1.3, we have in particular

g(Ar(m,y)(er)) = g(Ar(m,y) (Qy)) = Q(Am,y) for all AI,Z/ € B(I, y) (325)

This simple but useful fact will be used later in this section.
Using our Theorem 3.1.3 and Lemma 3.2.5, the proofs of the next four lemmas are the same as

those of [35, Lemmas 3.8-3.11], so we omit the proofs.

Lemma 3.2.6. There exists ¢ = c(diam(D),d,ro, k,¢) > 0 such that for every x,y € D with
T(.’I),y) < €1,

9(2) < cg(Arwy)(Qz)), 2 € DN B(Qu,r(x,y))- (3.2.6)

Lemma 3.2.7. There exists ¢ = c¢(diam(D), d, o, &, ) > 0 such that for every x,y € D

g(x)Vg(y) < cg(Ad), AcB(z,y).

Lemma 3.2.8. Ifz,y,z € D satisfy r(x,z) < r(y, z), then there exists ¢ = ¢(diam(D), d, o, K, ) >
0 such that

9(Asy) < cg(Ayz)  for every (Asy, Ayz) € B(x,y) x B(y, 2).
Lemma 3.2.9. There ezists ¢ = c¢(diam(D),d, ro, k, ¢) > 0 such that for every x,y,z,w € D and

(Azy, Ay,zs Azws Azw) € B(x,y) x By, 2) x B(z,w) x B(z,w),

g(Ax,w)2 <ec (g(Ax,y)2 + g(Ay,z)2 + Q(Az,w)z) .
Combining Theorem 3.2.3, Lemmas 3.2.7 and 3.2.8, and applying Theorem 3.1.1(i), we have the
following 3G Theorem.

Theorem 3.2.10 (3G theorem). There exists ¢ = c(diam(D),d,ro, K, $) > 0 such that for every

z,y,z €D

G(z,y9)G(y,2) _ ¢z — 2|%) @ — 2|
Gz, 2) O(lz = yl72)e(ly — 2172) [z — y|ly — 2|
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In the remainder of this thesis, # will always stand for the constant from Lemma 3.2.4.

Lemma 3.2.11. There exists ¢ = c(diam(D),d,rg, k,d) > 0 such that for every xz,y € D with
’I"(.T,y) < e,

9(Apy) > ¢ 5, forall Ay, € B(z,y).

Proof. Let A := A,(;,)(Q:). Note that g(-) = Gp(:, 20) is harmonic in D N B(Qy,2¢1). Since

r(z,y) < e1, by Lemma 3.2.4 (recall 1 = xr1/24),

Pu((261)2
(((r(z,y))2)

9(A) = Cp(A, z) > ¢ (T(I’y)) (A, (Qu). 20).

281
Note that dp(z9) > r1k = 24e1 and 0p (A2, (Qz)) > 2ke1. Thus by Proposition 3.2.1(ii) we have

Gp(A2,(Qyz), 20) > c1 > 0. This completes the proof of (3.2.5). O

Lemma 3.2.12. There exists ¢ = c(diam(D),d,ro, k, ) > 0 such that for every x,y,z € D and
(Azy, Ay2) € B(z,y) x By, 2)

Proof. Note that if r(z,y) > €1, g(4y,.) < C1 = g(As,y). We will consider three cases separately:

(a) r(z,y) < ey and r(y, z) > e1: By Lemma 3.2.11, we have

WA M) o oo ) T2 W) )
g(Ar(x,y)(Qy)) =G T =G ! <€1§s§d£m(D)€( )> T($,y)ﬁ g((r(z%z))fg)‘

(b) 7(y,2) < r(z,y) < e1: Then Ay, 1(Qy) € DN B(Qy,7(x,y)). Thus by Lemma 3.2.5 we have
g(Ar(y,z)(Qy)> < Cg(Ar(:r,y)(QZJ))'

(c) r(z,y) < r(y,2z) < e1: By Lemma 3.2.4,

9 Ary) (@) r(y,2)° U(r(w,9)) %)
g(Ar(a:,y)(Qy)) N T(‘T’y)ﬁ é((r(yvz))_Q)'

Now the conclusion of the lemma follows immediately from (3.2.5). O

Thus, by Lemmas 3.2.7 and 3.2.12, we get the following lemma.
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Lemma 3.2.13. There exists a constant ¢ = c(diam(D),d,ro,k,¢) > 0 such that for every

Ty, 2w € D and (Agy, Az w, Aew) € B(x,y) X B(z, w) x Bz, w),

0)9()g(Aen)? (1l w) ((rl(e, 1)) r(,w)? (((r(z,w))?)
0(Aey)29(Az )2 SC( 7 ) “) <r<z,wﬂe<<r<x,w> -2>“>'

Lemma 3.2.14. There exists a constant ¢ = c(diam(D),d,ro,k,$) > 0 such that for every

z,y,z,w € D and (Azy, Az w, Azw) € B(z,y) x B(z,w) x B(z,w),

0W0(g(Aen)?® _  (1(0.2)" U(r(e,y) ™) r(y,2)? £((r(z,0))™2)
9(Aey)2g(Aom)? = ( VP U(r(,2))- “)( )7 1 )“)'

Proof. From Lemma 3.2.9, we get

z%il)i(jgzgjj:; S A, ()2)9 Z)Zw)2( (Azy)? + 9(Ay2)* + 9(Az0)°)

(
L (W) | 9e) | gw)a()g(Ay)
- < e g0 T gh, Vg(Az,w)?)'

By applying Lemma 3.2.7 to both y and z, we have that (3.2.7) is less than or equal to

9(y) . 9(2) . 9(Ay )\ [ 9(Ayz)
P Aew) T Pe(Ary) T 3( (A, >>< (4. >>
9(v) 9(2) r(y, 2)? ((r(x,1))"2) r(y, 2)° ((r(z,w)) )
=2 T, T <r<x,y>ﬁ w22 " 1) (r(z,ww w2 1) ’

where we used Lemma 3.2.12. Moreover, by Lemmas 3.2.7 and 3.2.12,

- i) () =« (s i)

and

st~ i) () =« (e =)

Combining these, (3.2.7) and the inequality (5 V1)+($V1) < 2(3V1)(£V1), valid for all a,b,c > 0,

we have finished the proof. O

Lemma 3.2.15. Let ¢(r) = and M € (0,00). Then there exists a constant ¢ = ¢(M, £, 3) > 0

4( 2)
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such that

ﬁizg)) sc <3E211)) % 1) Jor every 0 <ay < ap <2a; <M and 0 <by < by < M.

Proof. Since ¢ is slowly varying at oo, by [8, Theorem 1.5.3] there exists Ry < M /2 such that

s8 rB 5(7’_2)
= =2y ™ Qe

<2 Vs<r<R. (3.2.7)

Note that 1 : (0,00) = (0,00) is locally bounded from above and below by positive constants.

If a1 < Ry/2, since ag < 2a1 < Ry, by (3.2.7), ¢(as) < 282 (ay). If a1 > Ry/2, by the local
boundedness of ¥, ¥(a2) < ¥(a1).

Similarly, if bs < Ry, since by < by < Ry, by (3.2.7), 2¢0(b2) > 1(b1). If by > Ry, by the local
boundedness of ¢ and (3.2.7), there exists a ¢ such that ¥ (bs) > ¢19(b1). The lemma clearly

follows from these observations. O

Now we are ready to prove the main result of this section, which is a generalization of the main

result in [35].

Theorem 3.2.16 (Generalized 3G theorem). Let 1(r) := %. Suppose that D is a bounded k-fat
open set with characteristics (ro, k). Then there exists a positive constant ¢ = ¢(diam(D), d, o, &, §)

such that for every x,y,z,w € D

Gla,y)Cpzw) (e —w]) Ay — =) bz —w) Ay —2)) ) Cla.y)Glz w)
Golww) ( =) " 1) ( oe—wl) 1) Glw)
(3.2.8)

Proof. Let

Gp(z,y)Gp(z,w)

G(z,y)G(z,w)
Gp(z,w) ’

G(z,w)

G(-’E,y,Z,’LU) = and H(x,y,z,w) =

If |x — w| < dp(x) A dp(w), by Proposition 3.2.1(ii) and Theorem 3.1.1(i), Gp(z,w) > cG(z,w).
Thus by (3.2.1) and Theorem 3.1.1(i) we have G(z,y, z,w) < cH(z,y, z,w).

On the other hand, if |y — 2] < dp(y) A dp(z), then by Proposition 3.2.1(ii) and Theorem
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3.1.1(i), Gp(y, z) > cG(y, z). Using this and Theorem 3.2.10, we have that there exists a constant

¢ = c¢(diam(D), d, rq, k, ¢) > 0 such that

G(z,y,z,w) = GD(CC,y)GD)(y,z) Gp(z,2)Gp(z,w) 1

Gp(z,z Gp(x,w) Gply, z)
. G(z,y)G(y,2z) G(z,2)G(z,w) 1
- G(z, 2) G(z,w) G(y, 2)

= CH(x7 y’ Z’ w)'

Now we assume that |z —w| > dp(x) Adp(w) and |y —z| > dp(y) Adp(2). Since dp(z)Vip(w) <
0p(x) Aop(w)+|z—w|, using the assumption dp(x) Adp(w) < |z —w|, we obtain r(z, w) < 2|z —w|.
Similarly, 7(y,2) < 2y — z|. Let Ay € B(z,w), Azy € B(z,y) and A, ,, € B(z,w). Applying
Lemmas 3.2.13 and 3.2.14 to Theorem 3.2.3, we have

G(xvyysz) S c H(x,y,z,w)

)l e

9(W)g(2)9(Azw)?

9(Azy)?g(

K?ﬁ(r(l‘vw)) A Y(r(y, z
Y(r(z,y)  Y(r(z,y

<c

~— | —

Now applying Lemma 3.2.15, we arrive at the conclusion of the theorem. O

3.3 Feynman-Kac Perturbations

Throughout this section D is a bounded k-fat open set. In this section, we will first recall the
Kato classes introduced in [15, 24, 25]. Then we apply the 3G theorem and generalized 3G theorem
to establish some concrete sufficient conditions for these classes. Note that X is an irreducible

transient symmetric Hunt process satisfying the assumption at the beginning of [15, Section 3.2].

Definition 3.3.1. A function q is said to be in the class Soo(XP) if for any € > 0 there are a

Borel subset K = K(g) of finite Lebesgue measure and a constant § = §(e) > 0 such that

sup
(z,2)€(DxD)\{z==2}

/ Gp(z,y)Gp(y,2) lq(y)|dy < e
D\K B

Gp(x,z)
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and that, for all measurable set B C K with |B| < ¢,

Gp(z,y)Gp(y,2)
sup / la(y)|dy < e.
(z,2)e(DxD)\{z=2} / B Gp(z,2)

Definition 3.3.2. Suppose F is a bounded function on D x D wvanishing on the diagonal. Let

4 () = /D F(z,y)|T(z, y)dy.

(1) F is said to be in the class Aoo(XP) if for any € > 0 there are a Borel subset K = K(¢) of

finite Lebesgue measure and a constant § = §(e) > 0 such that

. G(w, )Gz w)

|F(y, 2)|J(y, 2)dzdy < €
(@w)e(DxD)\{z=w} /(DXD)\(KxK) Gp(z,w)

and that, for all measurable sets B C K with |B| < 6,

Sup GD(xvy)GD<Z7w)

Fy,z Jy,z dZdy
(z,w)e(DxD)\{z—w}/(BXD)U(DXB) Gp(x,w) |F'(y, 2)[J (y, 2)

IA
™

2) F is said to be in the class Aa(XP) if F € Aso(XP) and if the function qp| is in Seo(XP).
|F

Now we are going to use the 3G theorem and generalized 3G theorem to give some concrete

sufficient conditions for S, (X ) and As(XP). First we prove the following simple lemma.

Lemma 3.3.3. There exists a positive constant ¢ = c(«, d,£) such that
Ule = 2o = 217 < o (Uz =y e — yl* + Ully — )y — 21°).

Proof. By symmetry, without loss of generality, we assume |z — y| < |y — z|. Since ¢ is slowly

varying at oo, by [8, Theorem 1.5.3] there exists Ry > 0 such that
sT(s72) <277 %(r72) and  €((2r)7%) < 24(r7%) Vs <r < Ry. (3.3.1)

From (3.3.1), we see that

|z — 27|z — 2|77 < 1.
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If |y — z| < Ry, then |z — z| < |z —y| + |y — 2| < 2|y — 2| < 2R;. Thus by (3.3.1),

|z = 2o — 2|7 <2 TU(2ly — 2) 7|y — 2|7 < 22FTly — 27|y — 2T

If |y — z| > Ry, by the local boundedness of ¢ and (3.3.1), we have

Uz = 2 7)o — 2|7 < er < eallly — 272y — 2|77

]
Theorem 3.3.4. A function q on D is in Seo(XP) if
. l9(y)ldy
lim sup/ = 0. (3.3.2)
40 zeD |lz—y|<r ‘J" - y|d¢(|x - y|72)

Proof. Without loss of generality, we assume that ¢ is a positive function on D. It follows from

Theorem 3.2.10, (H1), Lemma 3.3.3, and the assumption on ¢ that for every x,y,z € D we have

Gole)Opl2) _ ,  dliz =2 o — 2]
Go@) = Bz o Dy — 22 7 — gl — 2
1 1
= e (¢<|xy|—2>|xy|d * ¢<|yz|-2>yz|d)' (3.33)

We claim that a positive function ¢ satisfying (3.3.2) is integrable on D. Let

a(y)dy
M(r) = sup/ .
weD J|w—y|<r |w - y|d¢<|w - y‘72)
By (H1) and [8, Theorem 1.5.3], there exists so > 0 such that

ulp(u=?) < 25p(s72), u<s < sp. (3.3.4)

Then, using (3.3.2), we can choose s; < sg such that M(s1) < co. Now by (3.3.4),

2516(s1 *)g(y)dy o2
sup/ q(y)dy < sup/ ~— < 2s§p(s7“)M(s1) < o0,
zeD J|z—y|<s1 z€D J|z—y|<s1 |:L' - y|d¢(|x - y‘ 2) ! !
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which implies that ¢ is integrable on D.

By (3.3.3), we have for every Borel subset A of D and every (x,z) € D x D,

Gp(z,y)Gp(y,2) / q(y)dy
q(y)dy < 2¢co M(r) + 2c¢ sup
[ Gy iy < 20210) + 22 sy B0 — gDl — gl

2¢
<2c M(r) + /Aq(y)dy (SG[TEE%(D)] W) =:2ca M(r) + (/A Q(y)dy> a(r).

Given ¢, choose 1 = r1(¢) € (0,diam(D)) such that 23 M(r1) < /2 and let § := 27 te/a(r).

This completes the proof of the theorem. O

The proof of the following theorem is similar to that of [35, Theorem 4.3].

Theorem 3.3.5. If D is a bounded k-fat open set with characteristics (ro, k) and F' is a function
on D x D with

[z —yl°
|F(z,y)] < CIW (3.3.5)

for some € >0 and ¢ > 0, then F € Ay(XP) and

[ [ GO g iy < ol oe w339
DJD Gp(r,w)

for some cg > 0.

Proof. We assume, without loss of generality, ¢ < d—a. By the generalized 3G theorem (Theorem

3.2.16), there exists a positive constant ¢ = ¢(diam(D), d, ro, , ) such that

Gp(z,y)Gp(z, w)
Gp(z,w)
U(lz —w|™?) |z —wl|e |z — w|*otP
= (f(lx — Y72z — w[7?) |z — y|?7*|z — w|d— - |z — yldmo Pz — w|d(|z — w|72)
|z — w‘d—a-i—ﬂ |z — w|d—a+2ﬁ
" |z =yl — w|dmot B (jx — y[~2) e y|Fme Pz — w|d=etBi(|le — w|‘2)> '

Thus, by Theorem 3.1.1(ii) and (3.3.5), we have

Gp(z,y)Gp(z,w)
Gp(z,w)

4
\F(y,z)|J(y,z) < CQZAi(%y,ZﬂQ

i=1
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where

-2 _ ld—a
R e e o N T P
_apld=atBp(|, _ ap|—2)-1
Asg(z,y, z,w) = z _“Ty|dwc|x+;|z _£(1|j|d;t|)z|/ _)z|d€7

=Byl — =21
Alen ) o= TR
O : ok ik i

|z —y|dmotPlz —w|dmetfly — z]d=¢

First let
- g1

c3 1= sup < 0.

@pebxp LT —Y|72)

Then we have

//Al(m,y,z,w)dydz
D JD
_ // €|x—w|72) |aj—w|d70‘ dyd-
pJp Uz —yl7)(|z —w|=2) |z — yli=|z —w|i-|y — z[d-
%u—wWﬂax—wr%[;émFm-Mﬁv—w-Miw—z%“mmZ

cila — w|U(z — w|?) < eslr — w|* (|2 — w|7).

IA

IA

The second to last inequality comes from [32, Lemma 3.12], and the last follows from (H1). Similar
techniques can be applied to the case As, A3, A4 and this proves (3.3.6).

Now using Lemma 3.3.3, we have

1 1 1 1
< +

|z —w|72)|z —wld= |y — z|d=¢ * L(|lz —y|72)|z —y|i— [y — z]d¢
. 1 1 1

|z —y[72)|z — y|== (]2 — w|72)|z — w]d= |y — z|]o—¢

Ay (z,y, 2,w)

Since € > 0 and / is slowly varying at oo, the following two families

{(y,2) = |z —y|2) e —y|* Uy — 2|, = € D},

{(y7 Z) = €(|Z - w|_2)_1\z - w‘Dz—d',y - Z|€_d7 w e D}
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are uniformly integrable over cylindrical sets of the form B x D and D x B, for any Borel set B C D.
Now let us show that the following family of functions are uniformly integrable over cylindrical sets

of the form B x D and D x B:

1
y7z H b
{( ) e =T e =gtz —wl ) = wlt oy — 2o

zw € D} . (3.3.7)

Let us consider the family (3.3.7) when the exponent of |y — z| is negative, i.e., € < a. Otherwise
the family (3.3.7) is uniformly integrable since |y — 2| % < c.
Applying Young’s inequality, we obtain

1
(jx —y[=2)e —yl9= (|2 — w72y — 2|*|z — w|P=e

- <€(|x Yl — yId‘C“Z(IZ —w|?)]z - wld‘“) (Iy 1ZI‘H>

1 1 1 1
<= (.
I ((ﬂ(w —y|72)Plz — ylmep U]z — w]72))P|z — w|<do‘>”> T4 (Iy - ZI(””)‘I)

Since ¢ is slowly varying at oo, it suffices to find p,q > 1 satisfying ;1) + % =1land (d—a)p <

d, (o — €)q < d. By choosing p in the interval

1y d d
d—a+e) d—a)’

we get that the family (3.3.7) is uniformly integrable. Note that this interval is not empty since

d d
p <o by (a+e)/\d>aandd_a

case Ay, Az, Ay and this proves F' € Ao (XP). (See [35, page 131-132].) Since

> 1. Similar techniques can be applied to the

am(do) = [ Pl is < [ clo—ytay <
it follows from Theorem 3.3.4 that gz € Soc(X?) and therefore F is in Ay(X7P). O

For w € D, we denote by E¥ the expectation for the conditional process obtained from X%

through Doob’s h-transform with h(-) = Gp(-,w) starting from x € D. For ¢ € Soo(XP”) and
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F € Ay(XP), we define

t
corr(®)i=exp | [ a(xP)as+ 35 PXPXP)
It gives rise to a Schrodinger semigroup

Quf(x) := Eq [eqir(t) F(XP)] .

When z — E; [eq+r(7p)] is bounded, it follows from [15, Theorem 3.9] that the Green function for

the Schrédinger semigroup {Qy, ¢ > 0} is

Vp(z,y) = EY [eqrr(TD)] GD(,y), (3.3.8)
that is,
| Vot sty s = /0 Quf () dt = E, [ /0 eger (0 F(XP) di

for any Borel measurable function f > 0 on D.
Let u(z,y) := E¥ [eq+r(7p)] for y € D. Applying [15, Theorems 3.10] and [16, Theorems 3.4 and

Section 6] (see also [24]) to our case, we get

Theorem 3.3.6. Let ¢ € Soo(XP) and F € A (XP) be such that the gauge function x

E, [eq+r(TD)] is bounded. The following properties hold.

(1) The conditional gauge function u(x,y) is continuous on (D x D)\ {(x,z) : = € D}, hence by
(3.3.8) s0 is Vp(x,y).

(2) There exists a positive constant ¢ = ¢(¢, D) such that

¢ 'Gplz,y) < Vp(z,y) < cGplz,y), =zyeD.
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3.4 Green Function Estimate for Perturbations of Subordinate

Brownian Motions

In this section, we consider Green function estimates for perturbations of subordinate Brownian
motions. Throughout this section, Y is a symmetric Lévy process with a Lévy density JY (z) :=

J(z) + o(x) and we assume that there exist some constants ¢ > 0, p € (0,d) such that
lo(z)] < cmax{|z|~4* 1} for = € R%. (3.4.1)

Since |o(z)| < JY(z) + J(z), clearly (3.4.1) implies that o is integrable in R?. One particular
example of Y is obtained with JY (z) = J(2)1p(91)().
First we show that the transition density of Y is in Cp°(R?), where Cp°(R?) is the set of smooth

and bounded functions on R.

Lemma 3.4.1. The process Y has a transition density p* (t,x,y) = p¥ (t,y — x) such that x —

pY (t,x) is in C°(RY) for each t > 0.

Proof. The Lévy exponent of Y is given by

TV () = W(e) + / (1 - cos(é, 7))o (x)d.
R4\ {0}

Since

| (1 —cos(&, x))o(x)dx| < 2|0 L1 (ray, (3.4.2)
R\ {0}

we have [ |exp(—t¥Y (€))|[¢|"d¢ < oo for every n € NU {0} and ¢ > 0. Note that for ¢ > 0
Y _ —d —igw, —tUY () —d Y (€) 3 Y
p'(t,z) = (27) / e e d¢ < (2m) / e d¢ =p* (t,0) < 0.
Rd R4

Now the assertion of the lemma follows immediately. O

For any open set U, we will use T?]/ to denote the first time Y exits U, i.e., 7'2]/ = inf{t > 0 :
Y; ¢ U}. The killed process of Y in U is denoted by YV. It follows easily from [50, Lemma 48.3]

that for any bounded open subset U, there exists t; > 0 such that sup, cpa Pr(Y;, € U) < 1. Put
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0 = supyepa Po(m > t1) < supyepa Pu(Ys, € U) < 1. Then by the Markov property and an
induction argument,

sup P (1 > nty) < 6™
zeR?

Thus

t
sup B[] < ﬁ < 0. (3.4.3)
el -

Now we state some auxiliary properties of p* (¢, ). We need these properties only when we prove

the (killed) heat kernel p¥) (¢, x) is continuous and it will not be needed in the rest of the thesis.
Lemma 3.4.2. There exist constants ¢ > 0 and ¢ > 0 such that pX (t,x) < ct=¢ for every t € (0,1].

Proof. The heat kernel pX(t,2) can be expressed in terms of Fourier transforms by p* (t,z) =
(2m) 4 [ e €T (O dg. Since £ is slowly varying at oo there is a constant ¢; such that [¢]*¢(|¢]?) >

c1/€]%/2 for |€| > 1. From this it follows that for ¢ € (0, 1]

X X _ 7T_d
p¥(ta) <500 = (2m ! [

e O ge < (2m)~d /

l€1<1

1d¢ + (2m) ¢ / eterlél? ge

le|>1
/2

I(g+1)

2

< (2m)~¢ fept T <cgta.

Lemma 3.4.3. For every § > 0 there exists a constant ¢ = ¢(0) such that for every |x| > ¢ and
t>0
pX(t, ) < ¢(6), (3.4.4)

jo(@) + (p* (t,) ¥ o) (2)] < c(0).

o0 |2\2
Proof. The heat kernel p*X(¢,z) can also be written as pX(t,z) = / (4#3)*%(3*?1[”(53 € ds)
0

and thus pX (t, ) < ¢1(0) for all || > ¢ and t > 0. Next since o is integrable on R? and uniformly
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bounded away from 0, it follows from (3.4.4) that for |x| > é and ¢ > 0

X (1) o) = / PN (8,2 — y)o(y)dy

= [ Pteewetdyr [yt oy
|[z—y|>6/2 |z—y|<d/2
< caa@)llollpmey + |U||L°°(B(0,6/2)C)/ | 5/QPX(M'J —y)dy < c2(0) < o0.
r—y|<

O

In the remainder of this section ¢ will stand for the constant in Lemma 3.4.2. Using Lemmas
3.4.2 and 3.4.3, the proof of the next lemma is the same as that of [32, Lemma 2.6], so we omit the

proof.

Lemma 3.4.4. For every § there exists a constant ¢ = ¢(6,() > 0 such that p¥ (t,x) < c for

|z] > (1V[¢])d and t > 0.
Now we prove that p%(t, -,+) is jointly continuous for any bounded open set D.
Lemma 3.4.5. For any bounded open set D, pg(t, -, ) 18 jointly continuous on D x D.

Proof. By Lemmas 3.4.2, 3.4.3, and 3.4.4, we have for every T, L > 0

sup pY(t, x,y) < oo. (3.4.5)
lo—y|>L,0<t<T

By the strong Markov property and the continuity of p¥ (¢, -, -), the transition density p%(t, x,y) of

YP for any open set D can be written as

po(t,z,y) == p¥ (t,x,y) — B[ p¥ (t — Tg,YTg,y) 15 <t] fort>0,xyecR (3.4.6)
Now using (3.4.5) and (3.4.6) and following the routine argument (see [27]), one can show that for
any open set D, p¥ (t,-,-) is jointly continuous in D x D. |

In the remainder of this section we will show that, for any bounded x-fat open domain D, Gg
is comparable to G p, the Green function of X, We will accomplish this by first dealing with the

case o is positive, then the general case.
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3.4.1 Positive o Case

Assume Z is a symmetric Lévy process with a Lévy density JZ(x) := J(z)+0 () and we assume

that there exist some constants ¢ > 0, p € (0, d) such that
0 < &(z) < emax{|z|~4**, 1} for z € RY. (3.4.7)
The Dirichlet form (£, F) of X is given by

E(u,v) = /]Rd /Rd u(z) —u(y))(v(z) —v(y))J (z,y)dzdy,
F = {ueL*RY:E(u,u) < co}.

Another expression for £ is given by
Slwe) = [ al©)iO¥ENE,

where 7 is the Fourier transform of u. The Dirichlet form (£%, F%) of Z is given by

1
e2we) = 5 [ [ o) =)o) - o) I (@ p)dods
FZ = {ueL*RY):E%(u,u) < oo}

Another expression for £ is given by
e ) = [ €OV (e

where U7 (&) = ¥(¢) + fRd\{O}(l —cos(&,x))o(dx). Tt follows from (3.4.2) that there exists ¢ > 0
such that

1 (uyu) < EF (u,u) < e (u,u).

Therefore we know that FZ = F and that a set is of zero capacity for X if and only if it is of zero

capacity for Z.

In the remainder of this subsection, we always assume that D is a bounded k-fat set. The
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Dirichlet forms of X and Z are given by (€, Fp) and (€%, F2) respectively, where
Fp =F5 ={u € Flu=0 on D¢ except for a set of zero capacity}.
For u,v € Fp, we have

fwe) = 5 [ [ @ —uw)@) — o) I —adedy+ [ u@oanp(e)ds,

D

euwe) = 5 [ [ @) w0 — o) = apdody+ [ u@otapia)ds,

D

where kp(z) = [p. J(y — 2)dy and % (x) = [ JZ(y — x)dy = £35(x) + [p. 0(y — z)dy. Define
J T

F(z,y) == J((y )) 1= ;Eg:g and ¢(r) = kp(z) — K%(x). Note that 1;1f F(z,y) > 0. Now

define

t
Ky=exp( Y In(1+F(X2,XP)) / / XP oy —XsD)dyds+/ q(X2)ds)
0

0<s<t

and

Qif(x) = E (K, f(XP)], =eD.

By calculating the quadratic form of @ using techniques similar to those on [26, p. 275], one
can see that @ is the semigroup associated with the Dirichlet form (£7, F g)

By using Theorem 3.1.1 and the assumption on &, it is easy to see there exist € > 0 and ¢ > 0 such
that F(x,y) < ¢ W for all z,y € D. (For example, we can take e = £.) Thus, by Theorem
3.3.5, the function F(z,y) € Aa(XP). Since |q(z)| = | — [pe oy — 2)dy| < [pao(2)dz < o0, we
know that ¢ € Soo(XP”) by Theorem 3.3.4.

Note that the killing intensity mg of ZP is bounded from below by a positive constant so it

follows that

inf{& (u,u) : u € F& with / u(z)?dz =1} > 0.
D

oo
This implies that / Qqdt is a bounded operator in L?(D, dz) and so for any Borel subset B C D,
0

/ Qilp(z)dt = Em[/ Kg(XP)dt] < oo, for all z € D. (3.4.8)
0 0
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It follows from (3.4.3) and [31, Proposition 2.2 (ii)] that the Green function G%(-,-) of ZP exists
and strictly positive on D x D for any bounded open set D. Moreover, since Z satisfies the condition
(A1) in [39], it follows from [31, Proposition 2.1], [39, Theorem 3.11] and our Lemmas 3.4.2 and 3.4.5
that the semigroup of Z? is intrinsically ultracontractive, that is there exits a constant ¢; = ¢1(D, t)
such that p%(t,z,y) < c1¢1(x)d1(y), where ¢; is the eigenfunction of semigroup of ZP associated
with the largest eigenvalue A\; < 0 of the generator of Z” and lp1llz2(py = 1. Furthermore it
follows from [39, Theorem 3.13] there is a constant ¢y > 0 such that p4 (¢, z,y) < caeMé1(2)d1(y)
for all ¢ > 1. Hence by Lemma 3.4.4, the dominated convergence theorem and the continuity of
p4(t,-,-), G4(-,) is continuous on (D x D)\ {z = y}. Now, from (3.4.8), Theorems 3.3.4 and
3.3.5, we know that the assumptions of Theorem 3.3.6 are satisfied. Since the Green function of
the semigroup Q; is G%(z,y) = Gp(z,y)E4[K,,], the following result is an immediate consequence

of Theorem 3.3.6.

Theorem 3.4.6. If Z is a purely discontinuous symmetric Lévy process with Lévy density JZ(:U) =
J(x) +5(x) satisfying (3.4.7) and D be a bounded r-fat open set in R%. Then the Green function
G%(x,y) for Z in D is continuous on (D x D)\ {(z,z) : & € D}. Moreover, there is a constant

c=c¢(D,d,¢) >0 such that
¢ ' Gp(a,y) < Gh(z,y) < cGpla,y), w,yeD.

3.4.2 General Case

Now we return to the general case where o can take both signs. From now on we assume D
is a bounded k-fat domain (connected open set). Let Z be the Lévy process with a Lévy density
JZ(x) == JY(z) V J(z). Then 5(z) := J%(z) — J(z) satisfies (3.4.7). By Lemma 3.4.5, p¥(¢,-,-)
and p%(t,-,-) are jointly continuous on D x D. Note that [39, Condition (A1)(b)] is true for all
three processes X, Y and Z. Since D is a domain, by following the argument in the proof of [31,
Proposition 2.2], one can show that pX(t,-,), p5(¢,-,-) and p%(t,-,-) are strictly positive for all
t > 0. Thus [32, Property A] is valid. (Also see [39, Corollary 3.12].) Using an argument similar
to the one in the paragraph before Theorem 3.4.6, we see that G%(-7 -) and G%(~, -) are strictly

positive and jointly continuous on D x D. Now it follows from [32, Theorem 3.1] and the joint
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continuity of G%(z,y) that for every bounded x-fat domain D
Gp(z,y) < aGh(x,y) < eGp(z,y), (3.4.9)

for some constants ¢; = ¢1(d, D, ¢) and c2 = ¢a(d, D, ¢).
In the remainder of this subsection we will show that G (z,y) > c¢3Gp(z,y) for some c3 > 0.
We will follow the argument in [32] closely.

By [32, Lemma 2.4], for any bounded open set D, E,[r5] < E,[r}] and E,[74] < E,[rp]. Thus

Lemma 3.4.7. For any bounded open set D, we have E.[rp] < E.[r}].

The following result is similar to [34, Lemma 17]. Recall that the function g is defined in Section

3.2.

Lemma 3.4.8. Let D be a bounded k-fat domain. Then

Proof. Pick a point z € D° such that dp(z) = diam(D) + 1 and let B := B(z,1). Con-
sider the function f(z) := Py(X,, € B). By the Lévy system of X, we know that f(z) =
I [p Gp(z,y)J (2 — y)dydz. For y € D,z € B, diam(D) < |y — z| < 2diam(D) + 2, so by mono-
tonicity of j, j(2diam(D) + 2)|B| - Eg[rp] < f(z) < j(diam(D))|B] - E4[rp]. Since g(z) is equal to

Gp(z,z0) on |z — z| > %, the assertion of this lemma now follows from Theorem 3.1.5. O

Lemma 3.4.9. Let D be a bounded k-fat domain and 8 > 0 a constant. If x,y € D satisfy

|z —y| > 0, then there is a constant ¢ = ¢(0, ¢, D, d) such that Gp(z,y) < cEi[rp|Ey[mp].

Proof. The proof of this lemma is similar to that of [32, Corollary 3.11]. By Theorem 3.2.3, we

have

9(x)9(y)
o) = AR — gl — %)

where A € B(z,y). Since dp(A) > §r(z,y) > §lz —y| > %9, it follows from [41, Lemma 4.2] that

9(4) < Ealrp] > Ealry s )] > c2
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Now the theorem follows from Lemma 3.4.8. O

Recall that Y also satisfies [32, Property A] for the bounded x-fat domain D, i.e.,
cE.[p)Bylrp] < Gh(a,y). (3.4.10)

The following result says that the Green functions Gp(z,y) and G} (z,y) are comparable when

the distance between = and y is not too small.

Theorem 3.4.10. Let D be a bounded k-fat domain and 8 > 0 a constant. If x,y € D satisfy

|z —y| > 0, there is a constant ¢ = (0, ¢, D, d) such that Gp(z,y) < cGH(z,y).

Proof. It follows from (3.4.10), Lemmas 3.4.9 and 3.4.7 that
Gp(z,y) < aBa[rp]Ey[7p] < e2Ba[Tp]Ey[rh] < e3GL (2, ).

O

Now we are going to prove that Gp(z,y) < ¢GH(z,y) for some ¢ = ¢(d, D, ¢) > 0 when z and y
are close to each other. The next lemma is adapted from [32, Lemma 3,5 and Corollary 3.6] which
use the proofs of [49, Lemmas 7 and 9]. In fact, the proofs of [49, Lemmas 7 and 9] work for a

large class of Lévy processes including our Y and Z. Thus, we omit the proof.

Lemma 3.4.11. For any bounded open set D, we have for any z,w € D,

G%(z,w) < GY(x,w) + /D /D GY(z,y)o(y — 2)GE (2, w)dydz.

Theorem 3.4.12. For every bounded k-fat domain D, there are constants 6 = §(d, ¢, D, o, p) > 0

and ¢ = ¢(d, ¢, D, o, p) > 0 such that for all x,w € D with |z — w| < &, we have
Gp(z,w) < cGh(z,w).

Proof. By Theorem 3.4.6, Lemma 3.4.11, and (3.4.9) there exist constants ¢; = ¢;(d, ¢, D, o, p),

36



i = 1,2, such that

Gp(z,w)

IN

tnG%@nw)S<nG§@zw)+61/‘/)Gngyﬁﬂy—zﬂ¥§Zﬂwdmh
D JD

IN

a1l GY(x,w) + 02/ / Gp(z,y)o(y — 2)Gp(z,w)dydz

= Gh(z,w) + c2Gp(z,w / / Gp(x szIZU()Z , W) {U]EZ:jj(y 2)dydz.

Since ‘;( g c3 ¢>(\‘y “ 7y by Theorem 3.3.5, there exists a ¢4 > 0 such that
Gp(z,w) < c1GH(z,w) + cslr — w|*TPo(|lz — w| "2 Gp(z, w).

Now take § small so that cs|z — w|*TP¢(|z — w|~2)Gp(z,w) < 1Gp(z,w) if |z — w| < 6. d

Combining (3.4.9), Theorems 3.4.10 and 3.4.12, we have proved the next theorem which is the
main result of this chapter.
Theorem 3.4.13. Suppose that a € (0,2 A d) and D is a bounded k-fat open domain. IfY is a
symmetric Lévy process with a Lévy density J (x) := J(z) + o(x) with o satisfying the condition
(3.4.1), then the Green function G% of YP is comparable to the Green function Gg of XP, i.e.,

there exists a constant ¢ = ¢(D,d, ¢, p, o) such that
—1 Y Y
c GD(x?y) < GD(I,y) SCGD(I,:IJ), xayED-

Remark 3.4.14. The condition that D is connected is crucial in Theorem 3.4.13. For example, if
Y has a Lévy density v¥ (z) = v(2)1{j4j<1y and D = B(z,1)U B(w, 1) where z,w € R, |2 —w| > 2,
then Gp(x,y) > 0 for z,y € D whereas G¥(x,y) =0 for x € B(z,1) and y € B(w, 1).

Combining the above theorem with the main result in [43] ([43, Theorem 1.1]), we immediately

get the following.

Corollary 3.4.15. Suppose that the assumptions of Theorem 8.4.13 are valid and further that D

is a bounded C*' domain, then the Green function G%(ac, y) satisfies

Yo o) = am—yi% !
Gp( ay)’\< V000 (@) 2)d(0p(y) 2 )) |z —yl? ol —y|=2)
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Chapter 4

Boundary Harnack Principle

In this chapter, we prove the boundary Harnack principle for nonnegative harmonic functions
with respect to perturbations of subordinate Brownian motions that vanish outside a small ball and
a part of the boundary of the domain. The boundary Harnack principle (BHP) for jump processes
(or equivalently for non-local operators) is first established in [14] for symmetric stable processes
in bounded Lipschitz domains and since then a lot of generalizations have been established. In one
direction, the BHP is proved for more general domains than Lipschitz domains. It is established
in [54] for bounded k-fat open sets which are discontinuous analogues of John domains and in [12],
the BHP is proved for arbitrary open sets with respect to rotationally symmetric stable processes
and this version of the BHP is known as the uniform boundary Harnack principle. In the other
direction, the BHP is proved for harmonic functions with respect to wider classes of processes
than symmetric stable processes. In [40, 41], the BHP is established for a wide class of subordinate
Brownian motions that include many interesting examples such as stable processes, an independent
sum of stable processes, and relativistic stable processes. In [42], the uniform BHP is proved for a
large class of Lévy processes which include subordinate Brownian motions considered in [40, 41] for
arbitrary open sets. Also in [37, 38] the authors proved several versions of the BHP for so called
truncated stable processes and the starting point of our research in this chapter was to generalize
the result considered in [37, 38] to more general processes than truncated stable processes.

Now we will precisely state the main result of this chapter. In this chapter we will prove that for
nonnegative harmonic functions with respect to perturbations of subordinate Brownian motions
considered in the previous chapter that vanish outside a small ball and near a part of the boundary
of the domain, the ratio of such harmonic functions remains bounded near the boundary of the
domain. Let us state this theorem more precisely. Recall that the processes Y are rotationally

symmetric Lévy processes with the Lévy density JY (z) = j¥ (|z|) satisfying
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(1) o(x) := JY () — JX () is integrable in R? and o(z) < ¢|z|~4*+" for some constants 0 < p < d,

¢>0,and z € B(0,1).
(2) o(z) is bounded outside the unit ball B(0,1).

From the condition (1) and Theorem 3.1.1, it is easy to see that there exists a positive constant
c such that

JY(x) < erJ¥(x), x e B(0,1).

From the condition (1) there is a constant ca such that JY (z) > coJX(2),2 € B(0,r) for some
r > 0. The exact value of r is not important and we will assume that » = 1. Hence we conclude

that there is a constant ¢ > 0 such that

craX(z) < JY(2) < eJ¥(x), x € B(0,1). (4.0.1)

A typical example of Y satisfiying conditions mentioned above is the Lévy process whose Lévy

density is equal to that of X on the closed unit ball B(0,1) and equal to 0 outside the closed
unit ball. Note that in this case, Y are the so called the truncated SBMs, which is a natural
generalization of truncated stable processes considered in [37, 38]. Now we state the main theorem

of the chapter.

Theorem 4.0.16. Suppose that D is a bounded k-fat domain with characteristics (R, k). Then
there exists a constant Ry such that if r < Ry and Q € 0D such that for any nonnegative functions
u, v which are regular harmonic in DN B(Q, 2r) with respect to Y and vanish in (DN B(Q,2r)) U

B(Q,1—2r)°, we have

for some constant ¢ = ¢(D,d, a, ¢, 0) > 1.

The organization of this chapter is as follows. In section 4.1, we generalize the main result of
chapter 3. We prove that for bounded k-fat domains D, the Green functions G (z,y) and G5 (z,y)

are comparable uniformly for all D as long as the Lebesgue measure |D| is small enough. Note
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that in [37, 38] the authors proved a similar result about the comparability of two Green func-
tions of rotationally symmetric stable processes and truncated symmetric stable processes but the
argument of [37, 38] depends on scaling invariant property of rotationally symmetric stable pro-
cesses. In the case of subordinate Brownian motions, the corresponding scaling invariant property
is not true anymore. We overcome this by showing that the constant C' that satisfies the relation
C1GE(z,y) < Gh(z,y) < CGE(x,y), z,y € D depends on D only via | D|, the Lebesgue measure
of D and if D is another s-fat domain with |[D| < |D| then the same constant C' = C/(D) works
for D and the relation C_ng(x,y) < Gg(:r,y) < CG%(:E,y), 2,y € D is true. In section 4.2,
we establish a version of the Harnack principle for nonnegative harmonic functions with respect to
processes Y that vanish outside a small ball. In section 4.3, we establish a version of the BHP for
nonnegative harmonic functions with respect to processes Y that vanish outside a small ball and
a part of the boundary of the domain. Note that this version of the BHP is slightly weaker than
the ordinary version of the BHP in a sense that we require that the harmonic functions vanish
outside a small ball as well as a part of the boundary of the domain. This condition is not just
technical. In fact in [37] the authors proved that the BHP fails for nonnegative harmonic functions
with respect to truncated symmetric stable processes in non-convex domains. This indicates that
the potential theory of perturbations of subordinate Brownian motions could be more delicate than

those of subordinate Brownian motions.

4.1 Uniform Green Functions Comparability

Recall that X, Y are subordinate Brownian motions and their perturbations defined in the previ-
ous chapter. In this section, we prove that the Green functions G)g (z,9), G%(x, y) are comparable
with an absolute constant C for all sufficiently small x-fat open domains D. More precisely we will

prove

Theorem 4.1.1. Let R > 0. There exist constants C = C(d, k, X,Y, R) such that for any bounded

k-fat domain D with |D| < R, we have

C7IGY(x,y) < GP(x,y) < CGhH(x,y), z,y€ D. (4.1.1)
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We emphasize that the constant C works for all k-fat domain D as long as | D| is small enough. In
general if D is a k-fat open set with characteristics (k, ), D is a k-fat domain with characteristics
(k,7710). In order to prove a scaling invariant version of the boundary Harnack principle for Y,
we need a constant in (4.1.1) to be scaling invariant. In [37, 38] the authors considered truncated
stable processes and achieved (4.1.1) when X are symmetric stable processes and Y are truncated
stable processes by using the 3G theorem and the scaling invariant property of symmetric stable
processes. Note that in the previous chapter, (4.1.1) is proved when X is subordinate Brownian
motion but the constant depends on D via its characteristic (k, ) and it is not clear there if the
constant can be chosen uniformly for all sufficiently small k-fat domains D.

We starts with some simple lemmas.

Lemma 4.1.2. Let ®X (&) be the characteristic exponent of subordinate Brownian motions X.

Then ®X (&) = 0 if and only if £ = 0.

Proof. This is a simple consequence of the Bernstein function and the proof follows easily from

(2.2.1) and the fact that ®X(¢) = ¢(|¢|?). g

The next lemma is about the long time behavior of the heat kernel of X.

Lemma 4.1.3. Let pX(t,x) be a heat kernel of X. Then

. X < 1 X -0
tlgélop (t,m)_tlggop (£,0)=0

Proof. Using the inverse Fourier transform, the heat kernel pX (¢, ) can be written as p* (¢, z) =
(2m) 7 [ e~%re~ ¥ ©)de. Hence p(t,0) = (2m) ¢ Jga e~ (©)d¢ and from the asymptotic behavior
of ®, there exists a constant ¢ > 0 such that ®(&) > ¢[€|*¢(|¢[?) for [¢] > 1. Hence e~ (©) is
integrable in R?. Now the conclusion follows from the dominated convergence theorem and Lemma

4.1.2. ]

The next lemma is similar to [27, Proposition 1.16]. We provide the details for the reader’s

convenience.
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Lemma 4.1.4. Let § € (0,1) and D be a bounded open set in R%. Then there exists a t = t(6,|D|)
such that

sup Py (mp > nt) < 0". (4.1.2)
zeR?

Furthermore if D is another bounded open set with |D| < |D|, then (D) < t(D), where t(D)

represents the constant corresponding to the open set D such that (4.1.2) holds.

Proof. For x € D and any u > 0

Po(rX > u) < Py(Xy € D) — / X (w2, y)dy < p* (u,0)| D). (4.1.3)
D

Now using Lemma 4.1.4 take u large enough so that p*X (u,0)|D| < @ < 1. Now from the Markov

property of X
Po(r5y > (n+ 1)t) =B, (7 > nt,Px, (1) > t)) < OE,(rp > nt) < "t (4.1.4)

Hence by induction we have

P, (15 > nt) < 6™ (4.1.5)

Note that if D is another bounded open set with |D| < |D|, then we can simply take the same u
in (4.1.3) so that p* (u,0)|D| < p* (u,0)|D| < 6. O

Lemma 4.1.5. Let D be an open set in RY. Then there exists a constant C1 = C1(|D|) such that

sup Ezrg < (. (4.1.6)
zeD

Furthermore the same constant Cy works for all open set D as long as |D| < |D.

Proof. By an elementary inequality, we have
X 0 X
T T
E. (f) <3 (f >n> .

Hence from (4.1.5) we have



t

Hence we have sup E,(7p) < ——. Note that if D is another bounded open set with |D| < |D|,
reD 1-40
> t(D
then we can simply take ¢(D) < ¢(D) in Lemma 4.1.4 and get sup Ez(Tg) < 71( ()9 O
x€D -

The proof of next lemma is identical to [32, Lemma 2.4]. We provide the details for reader’s

convenience.

Lemma 4.1.6. Let X be subordinate Brownian motions and Y be perturbations of subordinate
Brownian motions with the Lévy density J (x) such that o := JY — JX is integrable on R? and D

be a bounded open set. Then there exists a constant Cy = Co(|D|, o) such that
C;lE;/TD < EfTD < CQEZTD.

Furthermore the same constant Coy works for all open sets D as long as ]5| <|D|.

Proof. Suppose that 0 = 0 —o_ is the Jordan decomposition of . Let V; be compound Poisson
processes independent of X; with the Lévy measure o_ and let Vt, be compound Poisson processes
independent of Y; with the Lévy measure o,. We put Z; = Xy + V;. Then, of course, we have
{Z;} = {Y; + V/} in distribution. Hence it is enough to show that E, 78 < E, 3.

Let us define a stopping time T by T' = inf{¢ > 0 : V; # 0}. The processes X; and V; are mutually
independent. Therefore X; and T are independent as well. Besides, Z; = Xy for 0 <t < T. We set
m = o_(RY).

First, we claim that E,(75%) < 2E, (7% A t) for ¢ large enough. Indeed, by the Markov property

and Lemma 4.1.5 we have

E,75 = E.(th At)+E, (rf,( >tTh — t)

= ]Ex(Tg At)+E, (Tf,( > t;EXtrf){)

IN

E. (T3 At) 4+ C(D)P. (155 > t)

X ExTz))(
E.(mH At) + C(D)T’ (4.1.7)

IN

which proves our claim for ¢t > 2C.
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Because Tg AT = 7',)3( AT, by the independence of T" and X; we get

o0
E,m8 > B (tEAT)=E.(rE AT) = / E. (T At)yme ™ dt
0
> [E (r3y Atyme ™dt > - Lo—2omg 4.1
> (D Atyme "t > 5 Th - (4.1.8)
2C

Now, we prove the upper bound. Again, by the strong Markov property and Lemma 4.1.5 we

get
]Eng = Em(Tg ANT) + Em(ﬁ% > T; Tg -T)
< Eﬂf)‘ +EI(TI% >T; EZng)
X VA
< Eu7p + CP(t5 > T). (4.1.9)
We also have
Po(rd > T) <Po(rf >T) =m / (K > et < mE, T (4.1.10)

which gives

EmTD (1+Cm)E ng,

where m = o_(R?) and C' = C(D) is a constant in Lemma 4.1.5 such that sup,cp E.75 < C(D).

Now let ¢1 := maz(1 + Cm,2e2™)? so that

1/2 1/2

IETD <IETD<C ETI))(.

Similarly let cz := max(1 + O, 2¢2°™)2, where m = o, (R?), so that

1/2 1/2

ETDSETD<C ETE.

Take Cy := max(c1, c2) and this gives

1/2g

EzrD <, zTg < CgEng, Eng > C;l/Q]Eng > C;lEng,

44



which proves the first part of the lemma.
For the second part of the lemma, suppose that D is a bounded open set in R% such that

|D| < |D|. We choose a constant C' = C/(D) from Lemma 4.1.5 such that

sup EfTE < C(D).
z€D

After repeating the same argument in (4.1.7), we have for ¢t > 2C(D),
Eng < 2E$(Tg At).

Hence as long as |D| < |D| we can repeat the same proof in (4.1.8) for the open set D with the
constant C' = C'(D) and get

1 _
Eng > ¢ QC(D)mEng.

Similarly from (4.1.9)

E;73 < Eo75 + C(D)Pu(75 > T), (4.1.11)
Po(r2>T) <Pu(r4 > T) = m/o P (3 > t)e ™ dt < mE,T3. (4.1.12)

Now from (4.1.11), (4.1.12), as long as |D| < |D|, we have

E,7% < (1+ C(D)m)E,73 .
Hence for the same constant Cy = max(ci,ca) where ¢; := maz(1 + C(D)m,2e2¢(P)m)2 and
¢ := maz(1 4+ C(D)rn, 2¢2°P)M)2 a5 long as |D| < |D|, we have

X 1/2 Z Y X —1/2 Z -1 Y
EacTﬁ S 02/ EzTﬁ S CQ]EITE7 EzTﬁ Z 02 / ]EmTE Z 02 ]ECL'TE

Remark 4.1.7. In fact, Lemma 4.1.5 can be stated for more general settings. The lemma can be
stated for two pure jump Lévy processes with o := JY — JX being integrable on R? as long as X

satisfies Lemma 4.1.3.
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Proof of Theorem 4.1.1. We already know from the previous chapter that there is a constant
¢ = ¢(D) such that (4.1.1) holds for ¢(D). The only thing to prove is that there are constants C
and R such that the constant C' is independent of the k-fat domain D as long as |D| < R. We
establish this by proof by contradiction. Suppose that (4.1.1) is false. Then there must exist R,

¢n > 0, and k-fat domains D,, such that sgp{|Dn|} < R and
G, (@,y) > eaGD, (2,y), (4.1.13)
where ¢, — 0o as n — oo. By integrating each side of (4.1.13) in terms of y over D,,, we have
Ei(TDn > angTDn.

But since ¢, — 0o as n — oo, this contradicts Lemma 4.1.6 and this proves the theorem. (]

4.2 Harnack Principle

In this section, we will prove a version of the Harnack principle for nonnegative Harmonic func-
tions with respect to processes Y which vanish outside a small ball. We will follow the argument in
[37, Chapter 4] closely but since we are only interested in harmonic functions that vanish outside
a small ball, the ingredients necessary to prove the Harnack principle is actually less than those in
[37].

Now as the first step, from Theorem 4.1.1 there exists a constant C3 such that for any x-fat

domains D with |D| < |B(0, )|, we have
C3'Gp(x,y) < Gplay) < C3Gp(ay) 2.y € D.

The constant C5 will not change in the rest of the chapter.
We now start with some explanation about the Poisson kernel. It follows from [52, Theorem 1]

that for the processes X, Y and for any bounded Lipschitz domains D,

Py(X,, € OD) =P,(Y,, €9D)=0 , z€D.
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Hence from the Ikeda-Watanabe formula, the exit distributions of X and Y are completely deter-
mined by their Poisson kernels K g (z,z) and Kg(x, z), respectively. Namely for bounded Lipschitz

domains D and f > 0, it follows that
B Af(Xo)) = [ KB Eoli()= [ KB@e)f()ds, weD  (20)
where
K§@2) = [ @aanr*wad. Ky = [ b (422)
Note that without the Lipschitz assumption on D, from the Lévy system of Y, it follows that
B (1), Y,y # Vo] = [ KBl@a)f()i weD.

Now we estimate the Poisson kernel for a ball Kg(xo’r). Define A(z,a,b) := {y € R : a <

ly — x| < b} for 0 < a <b.

Lemma 4.2.1. There exists a constant c1 such that for all r < % and z € A(xg, 7,1 —1),
Cl_lKg(xo,r)(x7 Z) < Kg(wo,r) (.’17, Z) < ClKg(xom)(‘r? Z) (423)

Proof. For y € B(xg,r) and z € A(xo,r,1 —7), [y —2| < |y —xo| +|zo— 2| <r+(1—-7r) =1

Hence from (4.0.1), Theorem 4.1.1, and (4.2.2),

Kg(ajo)r) <x’ Z) - Gg(xo,r) ('T7y).7y(y7 Z)dz
B(zo,r)

IN

C/ G)Bg(zo,”‘) (:L‘, y)]X (y7 Z)dz = CKg(l‘o,'f‘)(xa Z)
B(zo,r)
The other direction can be done in a similar way. 0

Lemma 4.2.2. There exists a constant c¢1 such that for all r < %, x1,12 € B(wo, g), and z €
Az, r, 1 —1),

cl—lKg(mT)(xl, z) < Kg(xo”)(:@, z) < ClKg(xo,r)(wh z). (4.2.4)
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Proof. It follows from [41, Proposition 4.11] that there exists a constant ¢; such that

'K, y(z1,2) < Kg(zo’r)(x%z) < clKg(moyr)(xl,z), x € B(xo,7/2),7z € B(zo,r)". (4.2.5)

(zo,r
Now the result follows from Lemma 4.2.1 and (4.2.5). O

Note that o is bounded outside the unit ball B(0,1) C R Let M := sup |o(z)|.
|| =1

Lemma 4.2.3. There exists a constant ¢; such that for all v < %, x € B(xg,r), and z € A(xp,1 —
r1+3),

Kg(xo,r) ((ﬂ, Z) < ClKg(wo,r) (.’E, Z)

Proof. Without losing generality, we may assume xg = 0. From Theorem 3.4.13, (4.0.1), (4.2.2),

and the boundedness of ¢ outside the unit ball, we have

KE(O,T) (1‘, Z)

= / Gl (@) (y, 2)dy
B(0,r)

G%(O,r) (z, )" (y, 2)dy + / Gg(w) (z,y)JY (y, z)dy

/B(Oﬂ”)ﬂ{y—ZISl} B(0,r)N{1<]y—z|<1+ %}

<af G ()T 0.2y + [ G0 (2, y) My (4.2.)
B(0,r)Nn{ly—z|<1} B(0,r)n{1<|y—z|<1+5}

Since |y — 2 <[y + |2 <7+ (1+5) <1+ % < Ffory € B(0,r) and z € A(zo, 1 — 7,1+ ), we
have JX(y, 2) > ¥ (%) > c5 ' M. Hence it follow that (4.2.6) is bounded above by
“ / G0 (@ v) T (v, 2)dy + 2 / G0 (@ 9) T (y, 2)dy,
B(0,r)n{ly—=|<1} B(0,r)N{1<|y—2|<1+%}

< ¢ /B(() )G)Bg(o,r)(xay)‘]x(y?z)dy:C3K§(0,7’)(‘r7z)'
O

Now we are ready to prove the main result of this section, which is a version of the Harnack
principle for harmonic functions with respect to Y that vanish outside a small ball. Note that the

ingredient to prove the Harnack principle in this setting is much less than those that appear in [37]
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because we only consider harmonic functions that vanish outside a small ball.

Theorem 4.2.4. There exists a constant ¢ such that for any r < % and a nonnegative regular

harmonic function uw on B(xg,r) with respect to Y that vanishes on B(xo,1 —r)¢, we have
ey u(y) < ulxo) < cruly), y € B(wo,7/2). (4.2.7)

Proof. It follows from the fact that u is regular harmonic in B(zg,r), (4.2.1), and Lemma 4.2.2

that for any y € B(xg,7/2),

w(y) = Bylu(Veg,, )] = /Wcu@)f(gm,r)(y,z)dz
zo,r

= / u(z)Kg(xo,T)(y, 2)dz < c/ u(z)KE(m’r)(:ro, 2)dz = cu(zg)
A(zo,r,1—7) A(zo,r,1—1)

for some constant c¢. The other inequality can be done in a similar way. ]

4.3 Boundary Harnack Principle

In this section we prove a version of the boundary Harnack principle for nonnegative harmonic
functions with respect to Y that vanish outside a small ball. We will closely follow the argument
in [37, 40, 41]. The main ingredients to prove the boundary Harnack principle is a comparison
of harmonic measures (4.3.6), Carleson type estimate (Lemma 4.3.2), and the Harnack principle
(Theorem 4.2.4). We begin with the comparison of harmonic measures.

Let A be the L? generator of Y and C2°(R?) be the family of the infinitely differentiable functions
on R? with compact support. Then it is well known (see [37, page 152-153]) that C°(RY) C

Dom(A) and for any ¢ € C°(R%) and ¢(z) = 0, we have

E.[6(Y,,)] = /D G (2, ) Aad(y)dy. (43.1)
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Take a sequence of radial functions ¢, € C>°(RY) such that 0 < ¢, < 1,

0 |yl <1/2
dm(y) =91 1<|yl<m+1

0 |yl >m+2

and that }, ; |%;yj¢m| is uniformly bounded. Define ¢, () := ¢m(¥). The key step is to show

that there is a constant ¢ = ¢(d, a, £) such that for every ¢, , € C°(R%)

()

sup sup [Agm,r(y)| < c—— (4.3.2)
M2>1ycRd r
Note that from Theorem 3.1.1 or [40, Lemma 3.10], there is a constant ¢; such that
. 0(|y| =2
() < clw, ly| < 1. (4.3.3)

Hence it follows from (4.0.1), (4.3.3), boundedness of ¢ outside the unit ball, and the fact that ¢y,

is bounded, we have

| AP, ()]
< a /]Rd (¢m,r($ + y) - ¢m,r(m) - (V(bm,r(m) : y)1|ac\§r(y)) ]Y(y)dy‘
< o /< (Qsm,r(l' + y) - Qbm,r(x) - (v¢m,r(‘r) ’ y)l\x|§r(y>) ]Y(y)dy

T / (Gonr (1 ) — buan (@) 5 () dy + / (Gmur (1 ) — brun (2)) 57 (1) dy
<lyl<1 1<|y|<o0

S a3 (/ ((bm T(x+y) ¢m,7’($) - (v¢m‘r(x) y))JX(y)dy +/ jX(y)dy+ 1>
lyl<r r<lyl<t
< ( WP Wy + | jX<y>dy+1>
lyl<r r<ly|<1
i ((lyl1~?) ((lyl—?)
: (TQ y\< Iy\d+0‘ dy+/r<|y<1 [y e dyH)
é(r
<

o0



Now combining (4.3.1) and (4.3.2), for any x € D N B(0,r/2) we have

P.(Y,, € B(0,7)°) = lim P, (Y, € A(0,r,(m + 1)r)) < cer *l(r~?) /D GY(z,y)dy. (4.3.4)

m—o0

The next lemma is similar to [40, Lemma 4.2] or [41, Lemma 4.16].

Lemma 4.3.1. There exists a constant ¢ > 0 such that for any open set D with B(A,xkr) C D C

B(0,7) forr <% and r € (0,1/2], we have for every x € D\ B(A, kr)

1 ()
0((4r)-2) (1 + ) Po(Yrp par € B(A,k1)).

/D Chlaydy < ot Py ((ar)2)

Proof. Let Q := D\ B(A, kr). Note that for y € B(A,1/2kr) C D, |y — 2| < |y| +|2] < 2r < 1.
Hence we have

K (z,y) = /Q Gl (2, 2)TY (2, y)dz > 1 K& (2,9)

for some constant ¢; > 0. Then we have from [40, Lemma 4.2] or [41, Lemma 4.17]

vV vV
Q
A
S
=
3
5
®
<
—_ =
QU
<
Il
)
AT,
=
2
s
)
m
%
=
=
=

\Y]

02 (’"a”_d_me((zxr)—?) ( éé
(
(

¢
c3 (ran_d_a/21 (1 + =

0((4r)-2) ))1'/1)G§(x,y)dy. (4.3.5)

1
Thus from (4.3.4) and (4.3.5) we have proved for every r < 5

—deas b r—2 0((E8)—2
P,(Y;, € B(0,7)¢) < cx? /26(((47")—)2) (1 + EEEL;_QD Po(Yrp pann € B(A, k7)), (4.3.6)

for some constant ¢ > 0 and = € D \ B(A, kr).
Now we focus on proving Carleson type estimate for nonnegative harmonic functions with respect

to Y, which is the second ingredient to prove the boundary Harnack principle.
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Lemma 4.3.2. There exists a constant Ry € (0, ﬂ such that the following property holds. Assume
that B(A, kr) C DNB(Q, ), r < Ra. Suppose that u(x) is a nonnegative reqular harmonic function
in B(Q,2r) N D and vanishing on (B(Q,2r) N D% UB(Q,1 — 2r)° and v(z) is a reqular harmonic
function on DN B(Q,r) defined by,

u(z) on B(Q, ﬁ)c
v(z) = 2

0 on A(Q,, %) U (B(Q,r) N D).

Then there exists a constant ¢ > 0 such that
0((2r) 2 3
u(A) > v(A) > cnaMu(x), x € DN B(Q, ?T)

Proof. Without losing generality, we may assume @ = 0. First, from Lemma 4.2.2, [40, Proposition
3.8], or [41, Proposition 4.10] and from the fact |y — A| < |y| + | 4| < 2|y| it follows
v(4) = Ea[v(Vrppo)]

> Eq (Y

DNB(0,r) ) )

= / uW) K prpo,) (A y)dy
B(0,%5)¢

YTDmB(o,T) 7& YT(DnB(o,r))*}

Y

[ w0 (A
A(0,3 1-2r)

)

Y

Cl/ 3 u(y)K])i’((A,ﬁr)(Aay)dy
A(0,28,1—-27)

oy A
C2 /,4(037"12r) U(y)] (‘y A‘)é((/ﬂﬂ)_z)dya

379

y (k7)™ % wly)iX
T * g ()7 (9])dy.

3z 1-2r)

Y

Y

Hence we have shown that there exists a constant c3 > 0 such that

o(A) 2 e ATV / u(y)i* (ly])dy. (4.3.7)
A0

3
5 1—2r)

From [40, Equation 4.4] or [41, Equation 4.34], there exists a o € (%r =r) and a constant ¢y
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such that for any positive function u with respect to Y,

—a/2
—0) ) (yl - o) Fu Chr s “Hu . (4.3
L €0 =) 20 =0 Sty < s [ ) (439

376

Secondly, we derive an upper bound of u(z). From the harmonicity of u

w@) = Eolu(Vrppe.)]
= Eolu(Yrppi0m)i Yrons. € B(0,0)]
= Eelu(Vrprpiom)i Yrprmom € BO0,0) Yoy po =Yoo ]
< Eolu(Yrpg.)i Yrpo., € B(0,0)°]
- /A(OJ,ZT) w(y) K p(o,0) (@, y)dy + /A oot wW)K G0 (@ y)dy.  (4.3.9)

Now we estimate the first and second equations of the last expression. For y € A(0,2r,1 — 2r),

ly| <1—2r <1—o0. Hence from [40, Proposition 3.8] or [41, Proposition 4.10] and (4.3.8), we have

/ w(Y) K 0.0 (%, y)dy
A(0,2r,1—2r)

S 05/ u(y)Kg(O,U)(xyy)dy
A(0,2r,1—27)
a/2 (0’ _ |1“)0‘/2
< c/ u(y)j™x -0 7 d
 Jaozmaan "W W O G i — a2 2 Y
(2r)* / X
< ey X u(y)j” (lyl)dy.
75((27")72) A(0,2r,1—2r) )3~ (v

In the last inequality we used [40, Lemma 3.11] that there exists a R € (0, %] such that for any

0<s<r <R g mm < cqprmme Also yl—o > 5yl gives 7% (Jyl — o) < 5% (lyl) < ci(ly),
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For the first term in (4.3.9), from [40, Proposition 3.8] or [41, Proposition 4.10] we get

/ w(Y) K 0.0 (%, y)dy
A(0,0,2r)

< CS/ w(y) KR 0.0y (@, y)dy
A(0,0,2r7)
oo (] = o))
< C/ u(y dy
*J a2 W27 (g = oo
a2 {yl =o)™)'2
< cor 2)1/2 u 5—d
U@ )2 Jaoezn  (yl = 0)*/
_ ZT)Q/Q r_a/Q B
< d ( / 0 9 p
= R A A S "
T.a
< g u(y) eyl Iyl 4y
77 gy MO
<

_r X
Bean2) /A(Omr%) ()i (ly)dy.

[ ]
Combining these two estimates, we have

TOZ
<
u(z) < 7

— u(y)j™ . 3.
o= sy ST (4310)

From (4.3.7) and (4.3.10), we have

O

Now we are ready to prove the main result of this chapter - a version of the boundary Harnack
principle for perturbations of subordinate Brownian motions. The proof will be similar to those in
37, 40, 41].

Proof of 4.0.16. Without lose of generality, we may assume u(A,(Q)) = v(4,(Q)) and @ = 0.

Since ¢ is slowly varying at oo, there is a R3 € (0, Ra] such that

sup
r<R3

U@2r)7%) () L5 Lr?)
(£(<m~)2)’ (((2r)2) U(ar)2) €((47")2)> =2 (43.11)

Now we define regular Harmonic functions u(z) and wz(x) with respect to Y on B(0,7) N D as

o4



follows.

@) 0 z € A(0,r, %) U (D°U B(0,7))
u\xr) =

u(z) =z € B(0, 3%)‘: ,

0 z € B(0,%)°
ug(x) =

u(z) x € A(0,r, %) U (D°UB(0,r)).

Clearly u(z) = ui(x) + ug(z). First we estimate uj(z).

u(z) = Eqlu <YTDnB(0 7‘))]
= / YK D (0.0 y)dy
DnNB(0,r))c
= / BO,Z KDnB(o r)(x y)dy

/ w) [ Gl (@)Y )z
(B(0,38))°nB(0,1-2r) DNB(0,r) ’

For z € DNB(0,r) and y € B(0, % )°NB(0,1—2r), [z —y| < 1 and this implies JX (z,y) < J¥ (z,y).
Also |y —z| < |y|+|z| < 3Jy| and |y| < |y — 2| +|z| < 3|y — 2| and this implies JX (z,y) < JX(0,y) =
X(ly]). Now define,

s(x) ::/ GDmB(o (@, z)dz.
DNB(Q,r)

Then we have

_ . u (T )
011/ w(y)i™* (Jy))dy < 1{z) §01/ ~u(y)i N (yDdy,
B(0,%r) s(x) B(0,%)

s(x) s(z) _s) v ()
up(z) < 03S(A)u1(A) < C4S(A)u(A) = 048(A)U(A) < 05v11(A)v(A) < cgv1(x) < cgv(x).
Hence we now have shown that
up(x) < cgv(x). (4.3.12)



Secondly we estimate ug(z).

ug(r) =

IN

IN

From the harmonicity of ug(x) we have

E, [u2 (YTDOB(QJ‘))}
3r
E, U(YTDQB(QJ')); YTDﬂB(Qﬁ < A(O’ " 5) np

sup u(@)  Pu(Yrppon € B(@,7)9)
zGA(O,h%T)ﬂD

u(A)P,(Y,

TDNB(Q,r) =

B(Q,7)%).

Now from Lemma 4.3.1, (4.3.11) and Theorem 4.2.4, we have

IN

_a-sa (k)7 (r”

ug(x) cgk

(2

co inf  wu(x
zE€B(A,kT)

Cloﬂ‘zaC |:U(Y

IN

IN

= cjov(z).

Hence we get

r)=?) £((4r) 72

(((4r)=2)

)P, (Y, € B(A, m’))

TD\B(A,xT)

TD\B(A,kT) )j|

uz(x) < cjpv(a).

Combining (4.3.12) and (4.3.13), we get

u(x) = cguyi(x) + croua(z) < cv(z),

xeDﬂB(O,g).

o6

)) (1 N E((’E’")_Q)) u(A)P, (YTD\BM,W <

B(A, m"))

(4.3.13)



Chapter 5

Martin Boundary and Minimal
Martin Boundary

In this chapter, we study the Martin boundary of bounded k-fat domains with respect to Y. In
particular, we prove that the Martin boundary and the minimal Martin boundary of bounded k-fat
domains with respect to Y is the same as the Euclidean boundary. One of important ingredients
commonly used to prove identifying the Martin and the minimal Martin boundary with the Eu-
clidean boundary is the (scaling invariant) boundary Harnack principle (see [37, 40, 54]). However,
it is proved in [38] that the boundary Harnack principle is not true for truncated stable processes
in non-convex domains. Therefore we can’t use the boundary Harnack principle to identify the
Martin and the minimal Martin boundary with the Euclidean boundary when the domain is non-
convex. We follow the argument that is close to [38], where the authors proved the similar result
about identifying the Martin and the minimal Martin boundary of so called roughly connected
k-fat domains with the Euclidean boundary with respect to truncated stable processes. One of the

key ingredient is the uniform Green function comparability result in section 4.1.

5.1 Martin Boundary and Martin Representation

Recall that D is a bounded k-fat domain with characteristic (rg, ) and for each @ € 9D and
r € (0,79), A-(Q) is a point in D N B(Q,r) satisfying B(A4,(Q),xr) C D N B(Q,r). Combining
the boundary Harnack principle for X (Theorem 3.1.5) and Theorem 3.4.13, we get the following
boundary Harnack principle for the Green function Gg(l', y) which will play an important role in

this section.

Theorem 5.1.1. There exists a constant ¢ = ¢(D,d, ¢, p, o) such that for any Q € dD, r € (0,79)

o7



and z,w € D\ B(Q,2r), we have

G A@Q) r
GY(w, A.(Q)) ~ GY(w,x) = &Y (w0, Ar(Q))] € DNB(Q, )

The following result was proved in [14] for harmonic functions with respect to stable processes
in bounded Lipschitz domains, in [37] for harmonic functions with respect to truncated stable
processes in bounded convex domains, and in [38] for harmonic functions with respect to truncated
stable processes in roughly connected k-fat domains. We reproduce the proof for the sake of

completeness.

Lemma 5.1.2. There exist positive constants ¢ = ¢(D,d,¢,p,0), v = v(D,d,d,p,0) < a and
R = R(k,{) such that for any Q € 0D and r < R, and a nonnegative function u which is harmonic

with respect to Y in DN B(Q,r), we have

war@) e ()" Mg @)

Proof. Let n := (g)kr, Ay = A, (0), and By, := B(Ag,nr+1). Note that the By’s are disjoint.

Since u is harmonic with respect to Y and all By’s are disjoint, we have
u(4y) = 3 Ea, [u(YTBk) Y, € Bl}

k—1
= Z/ ng(Ak,z)u(z)dz.
1=0 /B

From Lemma 4.2.1, the Harnack principle, and [40, Proposition 3.8], we have

k-1
u(Ag) > 012/ Kp, (Ag, 2)u(z)dz
1=0 /B
k-1
> 02Zu(Az)/ K3 (Ag,2)dz
1=0 By
k-1
(1) €(m41) >
> c u(A
- 3; ) (1) E(nk42) >

o8



Hence we have

S
—

()~ u(AR) () = ea ) (m) ™ u(A)L(n %)

N
Il
<)

Let ay := (nk)_au(Ak)é(nkfl). Then ay > ¢4 25:11 ;. By induction, we have aj, > cs(1 + £)Fa

for some constant c5 = c5(d, a,¢) > 0. Thus with vy = o —In(1 + %) In (%)71, we get

vk g( )72(k+1)7ﬂ72)

é%(;)—%—?) u (A5 (@)

2
ua @) <a (2)
Since ¢ is slowly varying at co, we have

vk K —2kr—2
@) < e (2) 7 HE S0

O

The next lemma is the analogue of Lemma 4.4 in [38]. Instead of repeating the similar proof in

Lemma [38], we use Theorem 3.4.13 and 4.2.3 to make the proof shorter.

Lemma 5.1.3. There exist positive constants ¢; = ¢1(D,d, ¢, p,0) and ca = co(D,d, ¢, p,0) < 1
such that for any Q € 0D, r € (0,r¢), and w € D\ B(Q,4r), we have

E, [G%(Y%NB aw): Yy € AQ,r, 1+ 47’%)} < e chGY(z,w), x € DN By,
k

DBy,
where By, := B(Q,47%r), k=0,1,---.

Proof. It is easy to see by repeating the proof in [40, Lemma 5.4] with slight modifications that
E, [Gg(XTf){m ) X.x € AQ,r, 1+ %)} < a1k GE (z,w),

=
By, DNBy,

for some constants ¢; > 0 and 0 < ¢a < 1. From Theorem 3.4.13, (4.2.1), and Lemma 4.2.3, we
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have

.
E, [Gg(Y%Bk) LYoy, €AQun1+ 7)]

TDNB 4k

= / Gh(y, w)K hp, (2,y)dy
A(Q,r,lJrﬁC)

< o / GX (g, w) KK, (2, y)dy
A(Q,T,1+4Lk)

.
= eE, [G’,f(X%ﬁBk) D Xox € AQ,r1+ 7)]

TDnBy, 4k

IN

C4CIQCG)5 (SL’, ’UJ)

IN

esch G (z,w).

O

Now the next theorem is about the Holder continuity of the Martin kernel of Y, which is an
analogue of [38, Theorem 4.5] and it follows from Theorem 5.1.1, Lemma 5.1.2, and Lemma 5.1.3
(instead of [14, Lemmas 5, 13, and 14], respectively) in very much the same way as in the case
of symmetric stable processes in [14, Lemma 16]. We omit the details since the proof is almost

identical to [14, Lemma 16].
Theorem 5.1.4. There exist positive constants r1, My, ¢, and n depending on D,d, ¢, p,o such
that for any Q € D, r <ry , and z € D\ B(Q, Myr), we have

|z — y|

M3 (a2 - b)) < (2

>7I7 x,y € DN B(Q,r).

In particular, the limit lim M} (x,y) exists for every w € dD.
SyY—w

There is a compactification DM of D, unique upto a homeomorphism, such that Mg (z,y) has
a continuous extension to D x (DM \ {zo}) and M} (-, 21) = M} (-, z2) if and only if 21 = 22 (See,
for instance, [46]). The set 9™ D = DM\ D is called the Martin boundary of D. For z € M D, set
MY (-, 2) to be zero in D€,

A positive harmonic function v for Y is minimal if, whenever v is a positive harmonic function
for YP with v < w on D, one must have u = cv for some constant ¢. The set of points z € OM D

such that MY (-, z) is minimal harmonic for Y is called the minimal Martin boundary of D.
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For each 2z € 9D and = € D, let

Mg(ac,z) ;= lim Mg(x7y),

D3y—z

which exists by Theorem 5.1.4. For each 2 € 9D, set M} (z, z) to be zero for z € D"
Lemma 5.1.5. For every z € 0D and B C B C D, M}, (Yr,,2) is Py-integrable.

Proof. Take a sequence {zp}m>1 C D\ B converging to 2. Since M} (-, 2,,) is regular harmonic

for Y in B, by Fatou’s lemma and Theorem 5.1.4,

E, [M} (Yry,2)] = E, [ Tim M (Y, 2n)
< liminf MY (x, 2,) = MY (, 2) < co.

m—oo

dp(»)

Lemma 5.1.6. For every z € 0D, x € D, and 0 <r <rqy A 53—,

TB(zy)’

Mg(x,z) =E, {M}D/ (YD z)} .

Proof. Fix z € 0D,z € D,and 0 < r < Tl/\(sDT(m). Let 1 = (5)" 7, 2m := Ay, (2), m=0,1,---.

Note that for y € B(z,r) and w € B(2m, Tm+1)
ly—w| > jz—w —|lz—y|>|lz—w —r>|z—2—|z—w —r>dp(@) —nm —r>r. (5.1.1)
Hence, B(zm,Mm+1) C D\ B(x,r) for all m > 0. Thus by the harmonicity of M} (-, 2,,,), we have
MY (2, 2m) = By [M}; (YTB(M,zm)} .

On the other hand, by Theorem 5.1.1, there exist constants mg > 0 and ¢; > 0 such that for

every w € D\ B(z,my,) and y € DN B(z, Nm+1),

Gg(wazm) < G}:/)(way)

MY (w, 2,) < <
b GY (0, 2m) GY) (0, Yy)

=My (w,y), m>mg.




Let y — z € 0D we get

MY (w, zm) < etMY(w,2), m > mg, (5.1.2)

for every w € D\ B(2,1m).
Hence in order to prove the lemma, it is enough to show that {M} (-, 2y) : m > mg} is Py-

uniformly integrable. Since ME(YTB(I,T),Z) is P,-integrable by Lemma 5.1.5, for any £ > 0 there is

Np > 1 such that
E, [Mg (Vg 2) s MY (Yogi,o2) > ] <= (5.1.3)

Now by (5.1.2) and (5.1.3)

By [ MY (Yo, 2m) : Yooy € D\ B, ME (Yo, 2m) > Nol
< Eg [ClMg(YTB(I,T)’Z) : CIMEO/TB(I,TVZ) > No
< L _¢
= oo T o

Now from (4.2.1) we have

Ez [Mg(YTB(z,r) ) Zm) : YTB(z,r) € B(Z7 nm)i| = / Mg(w7 Zm)Kg(l‘,T) (.’If, w)dw
B(z,nm)ND

For y € B(z,r) and w € B(z,1,,) N D, it follows from (5.1.1) that JY (y,w) < ¢y for some constant

o = ¢o(r), where ¢o(r) = sup JY () < co. Hence we have from (4.2.2) that
|z|>r

Kg(x,r)(x’w) = /B( )Gg(%r)(x,y)gfy(y,w)dy

IN

) [ )

3

< e3(r).
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Now we see that

E. [Mg(YD zm) + Yrg, ) € DN B(z,nm)}

TB(z,r)’

03/ MY (w, 2 )dw
B(z,1m)

1

Gg(x07 Zm)

IN

= C3

/ GY(w, 2y dw.
B(Zaﬁm)

Note that by Lemma 5.1.2, there exist ¢4 = c4(D, o, £,my), ¢5 = ¢5(D, a, €,mg,r) > 0, and v < «

such that

Gp(,zm)™ < el GD (w0, zm) ™!

¢ ((5)72(5)2mor2)
es(5) e ()72 () T2 ).

IN

On the other hand, by Theorem 3.1.1 and Theorem 3.4.13

. / dw
6
B(z20m) LW — 2| 72) w0 — 2|4

2Nm Sa—l (nm)a
C7/o " = 2D

IN

/ G (1, 2m)
B(Z777m)

In the last inequality above, we have used [40, Equation (3.16)]. Now it follows from above that

there exists cg = cg(D, a, £, mg, r) such that

2
€ DmB(z,—r)

E, [Mg(yD b 7m) Y p-

TB(x TB(z,r)

By L ((5) 72 (5 —2(mo+1) . —2
< eg(5)e ((2)5(;)(_2211 - )

2
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Since ¢ is slowly varying at oo, we can take N = N(g, D, mg,r) so that for m > N

Em _Mg(YTB(z,r) Zm) : Mg(YTB(TW)Zm) > N:|
- 2r
< E, Mg(YTB(z,r)Zm) Yrpem €DN B(z, m)} +
- 2r
]Ez Mg(YTB(I,T')Zm) : ME(YTB(J;,T) Zm) > N’ YTB(IJ') € D \ B<Z’ m):|
¢ ey LE PG ) e
= B g(%)—2m(2,a)—2 2

As each M} (YTB@,T)’Zm) is P,-integrable, we conclude that {MY (YTB(I?”,zm) :m > mo} is

uniformly integrable under P,. O

It is easy to see that Py (Y, € OU) = 0 for every smooth open set U ([55, Theorem 1]). Hence,
one can follow the proof of [23, Theorem 2.2] or the proof of [38, Theorem 4.8] and show that the
two lemmas above imply that Mg(~, z) is harmonic for Y. We omit the details since the proof is

almost identical.

Theorem 5.1.7. For every z € 9D, the functions x +— Mg(-, z) is harmonic in D with respect to

Y.

Recall that a point z € 9D is said to be a regular boundary point for Y if P, (T}; =0)=1and
an irregular boundary point if P,(7}) = 0) = 0. It is well known that if z € 9D is regular for Y,

then for any z € D, G¥(z,y) — 0 as y — 2.

Lemma 5.1.8. (1) Ifz,w € 8D, z # w andw is a regular boundary point forY, then M} (z,z) —

0asxz— w.
(2) The mapping (z,z) — MY (x, 2) is continuous on D x dD.

Proof. For any y € B(Q,r), where r < (19 A dp(x)) /2, we have from Theorem 5.1.1

_ Gply) _ GpA(Q)

Y
Mp(z,y) = GY(z0,y) = GH(z0, A (Q))’

(5.1.4)
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for some constant ¢ > 0. By letting y — @ in (5.1.4), we have

GY(z, A(Q))

M} (w,Q) < “GY (20, A4:(Q))"

Now the left hand side converges to zero as x approaches to any regular boundary point other than
Q.
For the second part of the lemma, note that Mg(', Q) is harmonic in D and therefore continuous

there (see, for example, (4.2.1)). Now we have from Theorem 5.1.4

P—0Ql"
< G P) - P e (PO
Now the second part of the lemma follows by letting x — y and P — Q. O

So far we have shown that the Martin boundary of D can be identified with a subset of the
Euclidean boundary 0D. In order to prove that the Martin boundary and the minimal Martin
boundary can be identified with the Euclidean boundary, we need some lemmas. The need for
these lemmas comes from the existence of irregular boundary points and we will follow arguments

that are close to those in [40] and [46].

Lemma 5.1.9. Suppose that h is a bounded singular harmonic function with respect to Y in a

bounded open set D. If there is a set N of zero capacity such that for any z € 0D \ N,

lim h(z) =0,

Dox—z

then h is identically zero.

Proof. The proof is identical to [40, Lemma 5.10] and we provide the details for the reader’s

convenience. Take an increasing sequences of open sets {Dy,}m>1 satisfying D,, C D,,41 and

Up—1Dm = D. Set 7, = 7p,,. Then 7,, T 7p and lim Y, =Y, by the quasi-left continuity of
m—0o0

X. Since N has zero capacity, we have

P,(Y;, e N)=0, z€D.
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Therefore by the bounded convergence theorem we have for any x € D,

h(z) = lim By (h(Yz,): T < 7p)
= 0.

O

Lemma 5.1.10. Let D be a bounded k-fat open set and I be irregular boundary points of D with

respect to Y. Then cap(I) = 0.

Proof. By [9, Proposition I7.3.3], I is semi-polar and it is polar by [30, Theorem 4.1.2]. Hence it

follows that cap(I) = 0. d

Now we are ready to prove the main theorem of this chapter.

Theorem 5.1.11. The Martin boundary and the minimal Martin boundary of D with respect to

Y can be identified with the Fuclidean boundary of D.

Proof. So far, we have shown that the Martin boundary can be identified with a subset of the
Euclidean boundary. We will show that for 21,20 € 0D, 21 # 22, we have Mg(-, 21) # MY (-, z9)
and this will show that the Martin boundary coincides with the Euclidean boundary of D. Let I
be the set of irregular points of D with respect to Y. By Lemma 5.1.10, we have cap(I) = 0. Take
a decreasing sequence of open sets A,, containing I such that

lim cap(A,,) =0.

m—o0

Then we have
lim Py(Ta, <o0)=0, &N A

m—o0

Define Dy, := {z € D : dist(z, D°) > +} and w4 be a harmonic measure of A starting at z, that is

Wi (-) :=Py(Yr, €-). Without lose of generality, we may assume zo € D \ A1°. Hence we have

W}, (Am N DE) =Py (Yo, € Am)
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lim supwpy (Ap N Df) = 0.

m—0o0 k
For each z € 9D, define

vidy) = M} (y, 2)w, (dy).

Then we have vf(RY) = [oq M}j/(y,z)w%ok(dy) = MY(wo,2) = 1. Next we will show that v}
converges weakly to d,, the point measure on z, as k — oo. For given ¢, let B := B(z,¢). Then we

have

B = [ My @)
- / MY (3, 2)w (dy) + / MY (3, 2)w% (dy)
(B°NAm)NDE ' (B\Ap)NDE

< sup M} (y, 2)wpy (Am N D) + sup MY (y, 2).
yeBe ye(B\AR)NDE

By Theorem 5.1.1, M} (-, 2) is bounded on - € B®. Hence for given ¢ choose m = m(g) such that

€
2sup,epe Mg(y, 2)

wpy (Am N D) <

Now from Lemma 5.1.8 we can choose k = k(e, m) such that sup MY (y,z) < £/2. Hence
yE(BE\AR)NDS
we have shown that v7 = 6, as k — oco. Hence if M}D/('7 z1) = Mg(~, z2), we must have z; = 2.
Now we will focus on proving the minimal Martin boundary can be identified with the Euclidean

boundary. Fix z € 9D and suppose that h < Mg(-, z), where h is nonnegative and harmonic with

respect to Y in D. Then there is a finite measure p on 9D such that

h(-) = . M, (-, w)p(dw).

If 11 is not a multiple of d,, then there is a positive measure v < p such that dist(z, supp(v)) > 0.
Let

u(+) := MY (-, w)v(dw).
oD

Then w is a positive harmonic function with respect to Y in D and is bounded above by ME(-, z2).

Take ¢ = idist(z, supp(v)). Then by the boundary Harnack principle for the Green function
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(Theorem 5.1.1), M} (-, 2) is bounded on B(z,¢)¢ and so is u. Again from the boundary Harnack
principle we see that MY (-,-) is bounded on B(z,£) x supp(v), so u is also bounded on B(z,e).
Since MY (x,2) — 0 as = approaches any regular boundary points different from z, u(x) — 0 as
x approaches any regular boundary points different from z. From Lemma 5.1.9 we see that u is
identically zero. Therefore y = ¢6, for some ¢ > 0 and MY (-, 2) is minimal harmonic with respect

toY on D. |

As a consequence of Theorem 5.1.11, we conclude that for every nonnegative harmonic function

h for YP | there exists a unique finite measure p supported on 9D such that

h(z) = - MY (x,2)u(dz), z € D.

We call u the Martin measure of h.
Furthermore, from Corollary 3.4.15, we get the following sharp estimates on Martin kernels for

bounded C'! domains.
Theorem 5.1.12. If D is a bounded CY' domain, there exists ¢ = c(xq, D,d, ¢, p, o) such that

1 1
¢t < MpP(z,2) <c

¢(0p(x)~?)|w — 2|* Vo(p(x) 2 — 2|7

x€D,ze€dD.
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Chapter 6

Trace Estimate of Relativistic Stable
Processes

6.1 Introduction and Statement of the Main Results

For any m > 0 and « € (0,2), a relativistic a-stable process X™ on R? with mass m is a Lévy

process with characteristic function given by
. m __ ym _ _ 2 2/aa/2 d
E [exp(i€ - (X;" — Xo"))] = exp(=t((|¢]” + m™?) m)), §E€R (6.1.1)

The limiting case X, corresponding to m = 0, is a (rotationally) symmetric a-stable process on
R? which we will simply denote as X. The infinitesimal generator of X™ is m — (mQ/ @ — A)O‘/ 2,
Note that when m = 1, this infinitesimal generator reduces to 1 — (1 — A)®/2, Thus the 1-resolvent
kernel of the relativistic a-stable process X' on R? is just the Bessel potential kernel. When a = 1,
the infinitesimal generator reduces to the so-called free relativistic Hamiltonian m — v/—A + m?2.
The operator m — v/—A + m? is very important in mathematical physics due to its application to
relativistic quantum mechanics.

In this chapter, we will be interested in the asymptotic behavior of the trace of the semigroup
associated with killed relativistic a-stable processes in open sets of R¢. The process X™ has a

transition density p™ (¢, z,y) = p™(t,y — x) given by the inverse Fourier transform

p"(t7) = (2m)~ / i€ eI+ ) 2 g
Ra
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For any open set D in RY, the killed relativistic a-stable process X" D is defined by

xpoift <,
xmP =

0 ift > 717,

where 77} = inf{t > 0 : X;" ¢ D} is the first exit time of X™ from D. The process Xtm’D is a

strong Markov process with a transition density p7; (¢, z,y) given by

prg(t’ z, y) = pm(t7 x,y) - ’I"g(t, z, y)7

with

T%(t,w,y)=Ex[t>TB‘;p( D, X, )}-

We denote by (Ptm’D :t > 0) the semigroup of X;® on L?(D): for any f € L*(D),

R 1) = B [10D)] = [ st

Whenever D is of finite volume, Ptm’D is a Hilbert-Schmidt operator mapping L?(D) into L (D)
for every ¢ > 0. By general operator theory, there exist an orthonormal basis of eigenfunctions
{q& } | for L2(D) and corresponding eigenvalues {)\%m o, of the generator of the semigroup
Py D satisfying

0< A < A0m < \Im <.

with )\%m) — 00. By definition, we have
B"Pgm (2) = (M (2), x € D,t> 0.

We also have

Ptz y) =Y e oM ()plM (y).
n=1
A9 will be simply denoted by .

In the remainder of this chapter, we assume d > 2. We are interested in finding the asymptotic
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behavior, as t — 0, of the trace defined by

) - N
250 = [ p(taarde = S e [ (0 2apde = 30N

n=1 D n=1

It is shown in [3] that for any open set D of finite volume, it holds that

_ wDF(d/a).

Zr)ta (6.1.2)

lim #7920, = Cu|D|, Gy

This is closely related to the growth of the eigenvalues of PtO’D: if NO()) is the number of eigenvalues
Aj such that A\; < A, then it follows from the classical Karamata Tauberian theorem (see for example

[29]) that
C1|D|

NO@) ~ T(d/o+1)

A2 ag A = 0. (6.1.3)

This is the analogue for killed stable processes of the celebrated Weyl’s asymptotic formula for
the eigenvalues of the Dirichlet Laplacian. We will see later in this chapter that exactly the same
formula is true for relativistic stable processes. That is, the first term in the expansion of Z7}(t) is
the same as that of Z%(¢) and (6.1.3) is also true for relativistic stable processes.

Our main goal in this chapter is to get the asymptotic expansion of Z}}(t) as t — 0 under some
additional assumptions on the smoothness of the boundary of D. Our work is inspired by the
paper [14] for Brownian motion and the papers [3, 4] for stable processes. The first theorem is an
asymptotic expansion of Z}(t) with error bound of order t2/ag=d/e iy CL1 gpen sets. To state the
result precisely, we need some definitions. Recall that an open set D in R? is said to be a (uniform)
C1! open set if there are (localization radius) R > 0 and Ag such that for every z € D, there exist
a Ob! function ¢ = ¢, : R? — R satisfying ¢(0,---,0) =0, V¢(0) = (0,...,0), |Vo(z) — Vé(y)| <
Aglz — z| and an orthonormal coordinate system CS, : y = (y1, -+ ,Yd—1,Yd) := (J,yq) with origin
at z such that B(z, R)N'D = {y = (§,y4) € B(0O,R) in CS, : yg > #(4)}. For x € RY let dp(x)
denote the Euclidean distance between z and D¢ and dsp(x) the Euclidean distance between x
and 0D. It is well known that a C™! open set D satisfies both the uniform interior ball condition
and the uniform exterior ball condition: there exists 19 < R such that for every z € D with

Sop(z) < ro and y € RY\ D with dyp(y) < 7o, there are z,, 2, € dD so that |z — z;| = dap(z),
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|y —zy| = dap(y) and that B(zo,m9) C D and B(yo,r0) C R?\ D, where xg = 2, +70(x — 22) /|7 — 24|
and Yo = 2z, +70(y — 2y) /|y — 2y|. In fact, D is a C1! open set if and only if D satisfies the uniform
interior ball condition and the uniform exterior ball condition (see [1, Lemma 2.2]). In this chapter
we call the pair (79, Ag) the characteristics of the C*! open set D. For any open set D in R?, we
use | D| to denote the d-dimensional Lebesgue measure of D and H1(9D) to denote the (d — 1)-
dimensional Hausdorff measure of 9D. When D is a O open set, H?~1(9D) is equal to the surface
measure |0D| of 9D. We will use H to denote the half space {x = (z1,22,--- ,2z4) : 1 > 0}.

The following is the the first main result of this chapter.

Theorem 6.1.1. Suppose that D is a bounded CY' open set in R%. Let k be the largest integer

such that k < % Then the trace Z}5(t) admits the following expansion

wal(d/)| D), i m" e

m _d 1-d
ZB(0) = C1IDI % — CloD| =" + =5

where C is given in (6.1.2) and

Cy= /000 r%(l, (r,0), (r, 6))dr.

The second main result of the chapter is an asymptotic expansion of Z7}(t) with error bound
of order t'/*t=% in Lipschitz open sets. Before we state the second main result, we recall the
definition of Lipschitz open sets. An open set D in R? is called a Lipschitz open set if there exist
constants Ry (localization radius) and A > 0 (Lipschitz constant) such that for every z € 9D there
exist a Lipschitz function F : R¥~! — R with Lipschitz constant A and an orthornormal coordinate
system y = (y1,- - ,yq) such that DN B(z,Ry) = {y : ya > F(y1, - ,ya-1)} N B(z, Ry). Here is

the second main result.

Theorem 6.1.2. Suppose that D is a bounded Lipschitz open set in R%. Let j be the largest integer

such that j < é Then the trace Z}5(t) admits the following expansion

_ I'(d/«)|D| I
d/azm _ Dl — d—1 D 1/a Wq n 1/a
tY*ZE(t) = C1|D] — CoH*H(OD)t/* + 2r)ia 7?:1 ot +o(t?),

where C7 and Cy are the same as in Theorem 6.1.1.
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Remark 6.1.3. Note that the first term in the expansion of Z7(t) is exactly the same as in the
case of Z%(t). However the rest of the terms are quite different. We note here that the coefficient
of the term of order t/°t=%® is the same in the stable process case, but in the case of relativistic

dfe yhere k

stable processes for C1'V open sets, there are k intermediate terms of the form tFt~
is a positive integer less than 2/a. Since 0 < a < 2, there is at least one more term involved in
the asymptotic expansion of ZWH(t) than that of Z%(t) up to order of t2/et=d/e - For Lipschitz open

—d/o

sets, when a < 1 there are j intermediate terms of the form t/t , where j is an integer that is

less than or equal to 1/a.

Remark 6.1.4. In [5], an asymptotic expansion for the trace of relativisitic a-stable processes in
bounded C' open sets was established. Compared with Theorem 6.1.1, the expansion of [5] does

not contain the intermediate terms.

The rest of the chapter is organized as follows. In Section 6.2, we recall some basic facts about
relativistic stable processes and present several preliminary results which will be used in Sections
6.3 and 6.4. Theorem 6.1.1 is proved in Section 6.3, while Theorem 6.1.2 is proved in Section 6.4.

Throughout this chapter, we will use ¢ to denote a positive constant depending (unless otherwise
explicitly stated) only on d and o but whose value may change from line to line, even within a single
line. In this chapter, the big O notation f(t) = O(g(t)) always means that there exist constants C

and to > 0 such that f(t) < Cg(¢) for all 0 < t < t.

6.2 Preliminaries

In this section, we recall some basic facts about relativistic a-stable processes. From (6.1.1), one

can easily see that X™ has the following approximate scaling property:

{m= (X!, — X}),t > 0} has the same law as {XJ" — X", ¢ > 0}.

In terms of transition densities, this approximate scaling property can be written as

Ptz y) = mY Ot (mt, mY Yz, mY ). (6.2.1)
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It is well known that the transition density p (¢, z,y) of X™P is continuous on (0, 00) x D x D.
Since both p™(t,x,y) and p7;(t, z,y) are continuous on (0,00) x D x D, rj5(t,x,y) = p"(t,x,y) —
ph(t, x,y) is also continuous there. p'f(¢t, z,y) and (¢, z,y) also enjoy the following approximate
scaling property:

P e p bz y) = m VPt /m, x/m ey m ), (6.2.2)
rhap(tr,y) = mm YRt mya /m ey m ). (6.2.3)

The Lévy measure of the relativistic a-stable process X" has a density

m -m (% oo B el2 /4 —m2 oy — -
I (@) =" (|z]) == 211(1_0[/2)/0 (Au)~4 2710l Aug u=(Fa/2 gy

which is continuous and radially decreasing on RY\ {0} (see [49, Lemma 2]). Put J™(z,y) =
7™(lz — y]). Let A(d, —a) := a20 Lr~4/2D(4E2)1(1 — ¢)~L. Using change of variables twice, first

with u = |z|?v then with v = 1/s, we get

J™(z,y) = A(d, —a)|z — y| " (m" |z — y)), (6.2.4)
where
d+ « -1 o0 2
B(r) = 2-@aIT <2> / () /21 s /A= s g (6.2.5)
0

which satisfies (0) = 1 and
cfle_rr(d+a_1)/2 < P(r) < cre P2 o0 [1,00)
for some ¢; > 1 (see [26, pp. 276-277] for details). We denote the Lévy density of X by
J(z,y) == J(x,y) = Ald, —a)|z —y| 7
Note that from (6.2.4) and (6.2.5) we see that for any 2 € R?\ {0}

3™ (lzl) < 5°(Iz)).
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It follows from [20, Theorem 4.1.] that, for any positive constants M and T there exists a constant

¢ > 1 such that for all m € (0, M], t € (0,7}, and z,y € R? we have
¢t (t_d/o‘ AtJ™(x, y)) <p"(t,xz,y) <c <t_d/°‘ A tJm(x,y)) . (6.2.6)

We will need a simple lemma from [32] about the relationship between r'3 (¢, z,y) and r%,(¢, z, y).
The lemma is true in much more general situations but we just need it when one of the processes

is a symmetric a-stable process and the other is a relativistic a-stable process.

Lemma 6.2.1. Suppose that X and Y are two Lévy processes with Lévy densities JX and JY,
respectively. Suppose that o = JX — JY is nonnegative on R? with fRd o(x)dx =¥ < 0o and D s

an open set. Then for any x € D and t > 0,
pg(t,x, < eetpg(t,x, ) a.s.
If, in addition, p* (t,-) and p¥ (t,-) are continuous, then we have for x,y € D,
rb(t,@y) < Uty o, y).

The next proposition is the (generalized) Tkeda-Watanabe formula for the relativistic stable

process, which describes the joint distribution of 77} and X%L.

Proposition 6.2.2 (Proposition 2.7 [45]). Assume that D is an open subset of R? and A is a Borel

set such that A C D\ 0D. If 0 <t < ta < 00, then

( €A, b <Th <t2 // stmyds/Jm(y,z)dzdy, zeD.
t

Now we state a simple lemma about the upper bound of (¢, z,y), which is an analogue of [3,

Lemma 2.1] for stable processes.

Lemma 6.2.3. Let M, T be positive constants. Then there exists a constant ¢ = ¢(d, a, M, T) such
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that for all m € (0, M] and t € (0,T] we have

Ja
B(tay) <o <td/a A w<mléa<x>>> |

5D<x)d+oc

Proof. Since v is eventually decreasing and 1(0) = 1 > 0, there exists a constant ¢; > 0 such that

P(x) < erp(y) for all 0 <y < 2. Now from the definition of 77} (¢, z,y) and (6.2.6) we have

rp(txy) = rpty, o)
< E, [t>TE;pm(t—TBI,X%,x)}
1/af,. _ ym
B )
= Y |z — X7, |dte
™D
<

5D($)d+a

(td/a . ww/w) |

O

We will need two results from [3]. The first result is about the difference pji(t, x,y) — pJ(t, x,y)
when D C F. The proof in [3], given for stable processes, mainly uses the strong Markov property

and it works for all strong Markov processes with transition densities.

Proposition 6.2.4 (Proposition 2.3 [3]). Let D and F be open sets in R? such that D C F. Then

for any x,y € R* we have
PE(o,y) — pB(te,y) = Ba 75 < 6, X0 € FA Dt — 7, X2, )|

Now we introduce some notation. Recall that if D is a C"! open set with characteristics (g, Ag),
then for every x € D with dpp(z) < ro and y € R?\ D with dsp(y) < ro, there are z,,z, € 0D
so that |x — z;| = dap(z), |y — 2| = dap(y) and that B(zg,m9) C D and B(yo,m9) C R?\ D,
where xg = 25 + 1ro(z — 22)/|z — 22| and yo = 2z, + 10(y — 2y)/|y — 2y|. Let H(x) be the half-space
containing B(xg,ro) such that 0H (x) contains z, and is perpendicular to the segment z;z,. The
next proposition says that, in case of the symmetric a-stable process, for small ¢, the quantity
r%(t,x,x) can be replaced by r%(i)(t,x,x), which was a very crucial step in proving the main

result in [3].

76



Proposition 6.2.5 (Proposition 3.1 of [3]). Let D C RY be a C*' open set with characteristics

(0, Ao). Then, for any x with dap(x) < r0/2 and t > 0 with t'/* < r4/2, we have

d+5-1
. . Ctl/a tl/Oé
rD<t7JZ,.I’> _TH(:r)(t’x’x) S Totd/a <58D(.CL') M

We will need some facts about the “stability” of the surface area of the boundary of C'! open

sets. The following lemma is [7, Lemma 5].

Lemma 6.2.6. Let D be a bounded C*' open set in RY with characteristic (ro, Ao) and define for
0<q<ry,

Dy ={x e D:dop(x)>q}

Then

d-1 d—1
(ror q) |8D| < |8Dq| < ( i q) |6D|: 0<q<mo.
0 —

To

The following result is [3, Corollary 2.14].

Lemma 6.2.7. Let D be a bounded CY' open set in R? with characteristic (ro,Ao). For any

0 < q<ry/2, we have
(1) 2=YoD| < |0D,| < 2¢7110D),

(2) |oD| < 2121

0

24dg|dD 22ddq|D
(3) 110D,| — [0D]| < 4021 < 2oL,

6.3 Proof for Bounded C"!' Open Sets

We first prove that lim; o thg(t) exists and identify the limit.

Lemma 6.3.1. The limit lim;_,o thg(t) exists and is equal to C1|D|, where Cy is the constant in

Theorem 6.1.1.
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Proof. By definition,

1o zm(t) = td/a/ PR (t, @, z)dx
D

/e (/me(t,x,x)dx — /];)rg(t,x,x)da:) . (6.3.1)

For the first integral on the right hand side of (6.3.1), note that, by the approximate scaling

property (6.2.2) and the dominated convergence theorem, we have, as t — 0,

/e (/ Pm(t,x,x)d%) N / p™ (L2, x)dz = |D|p™(1,0)
D D

I(d/a)wg

- |D| 'po(l,O) = |D| ’ (27r)da :

It remains to show that limy_,q t%/ fD rj5(t,z,x)dr = 0. By Lemma 6.2.3 we have that
orp(ta,y) <o, (ta,y) € (0,1 x D x D,
for some ¢ > 0. Hence we have by the monotone convergence theorem,
td/a/ ri(t,z,z) -0 ast—0.
D\D,1 /24
For « € D;1/2 we have by Lemma 6.2.3 again for ¢ € (0, 1],
m 1,4
rp(t,z,z) < ct2™2a, x € Dyjoa.

Hence limy_,q t%/ Ip ri(t, z, x)dr = 0. O
t

1/2a

It follows from Lemma 6.3.1 that if N™(\) denotes the number of eigenvalues )\gm) such that

A7t < A, then it follows from the classical Karamata Tauberian theorem (see for example [29]) that

C(1|D| 2\«

— A .
Tldja+ 1) , as A — o0

N™(A) ~

This is the analogue for killed relativistic stable processes of the celebrated Weyl’s asymptotic
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formula for the eigenvalues of the Dirichlet Laplacian and it is already proved in [5] (see [5, (1.10)]).
This result has been known at least since 2009, see [5, Remark 1.2].
Now we focus on identifying the next terms in Z}}(¢). For this, we need to find the order of ¢ in

Z7(t) — Cyt~«. Note that by Lemma 6.3.1,

Z(t) — Oyt~ = / PRt 7, 7) — (¢, 2, 7)da
D

= "tz ) — Otz ) de — | rR(t x, z)dx.
= /D(p (t,z,) p(t,,))d /DD(ta7)d

The next lemma gives the orders of ¢ in p™(t,z,z) — p°(t, z, ) up to tat s

Lemma 6.3.2. Let k be the largest integer such that k < % Then we have

k
7adeaZm"n au—d/a
n=1

Proof. By the scaling property (6.2.1) we have

pm(t,x,x) 7p0(t,x,a:) = pm(t’()) 7p0(t70)
=t~ (p'™(1,0) - p°(1,0))

— /o (gn)d / e~ (EPHmO/ )22 emt _ o —[el” ge.
R4

Note that for any « > 0 we have (1 + w)"‘/Q <1+ §x. Thus

o) 2/a /2 2/a
(162 + mey2/=)*" = jgpo <1+<m?|2 ) < e (HZ(’”” )
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Consequently

0 < eIl _ o= (leP+mn/)*"

14)2/ 2/a
gl 142 (mt) ) _a (mt)
< e*‘g‘a —e €l < T2 e — e*\ﬁl"‘ 1—¢ 2 g2«

el [ m)*e
2 g2 )7

where we used 1 — e™ < z for all x > 0 in the last inequality above. Therefore

N

IA

[e% / «@
/ e (P +m/ @) P me _ —lel® e

2 2/a a/2 _ « _ « _ [e
—(I€P+(mt)>/ @) Pt _ —[€]® gt | el gmt _ ,~I¢]

d§+/Rd

dg

< Jr

Rd

S/e_
Rd

a/2+

€2+ (me)?/) olele gmt

o l€l® gmt _ e—m“‘ de

< / emtem el 2 dé + e IS (emt — 1) dg

Rd |f| ¢
_ emtg(mt)Q/a/ — * i / —|§|ad§.

2 |€| = -
: . : - (mt)n 2/a
Since k + j > 2/« for any j > 1, we have Z — = O(t*/*). Therefore
n=k+1 Tl.
k

_ \5\2+(mt)2/°‘ a/2+mt g . 2/a Wdr d/OZ n

/Rd(e( ) e A& =0t + ngl n'

and

I(
Ptz x) — Otz x) = t‘d/awd%rdd/(j Z mil + Ot/ ot~
— nl

O

Now we try to find the orders of ¢ in the expansion of fD r5(t, z,x)dz up to the order of tat—a.
For this, we need to assume some regularity condition on the boundary of D. Hence in the remainder
of this section we assume that D is a bounded C'™! open set with characteristic (r, Ap). We also
assume that /¢ < 2.

We first deal with the contribution in D, /.
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Lemma 6.3.3. There exists ¢ = ¢(d, ) > 0 such that

2mt |D|t2/a

m
rj(t, z,x)de < ce TR
\/DT0/2 rOt /a

Proof. It follows from Lemma 6.2.1 that 7% (¢, z,y) < ™% (¢, 2,y). By [3, (3.2)] we know that

0 c|D|t¥/«
ro(t,z,y)de < ————.
Aro& D( ) ay) = T%td/a

The desired assertion follows immediately. O

Lemma 6.3.4. There exists ¢ = ¢(d, ) > 0 such that

tl/a tl/a d+271
rp(t @, ) = 1)t v,2) < cethW A1l

and

ot 2
/ (r"ﬁ(t,:c,x) - rz}(x)(t,x,x)) dx < ce”™ e
D\Dro/2 L

Proof. If the first assertion of the lemma is right, then it is easy to see that

tl/oé d+5-1 1o
AL | de <ct/e.
D\D, /2 dp(x)

Hence we focus on proving the first assertion. By [3, (3.4)], we know that

0 0 tl/a tl/a d+%71
rp(t, @, 2) = rgy (L z,2) < i e Al

Recall that J™(z) < J°(z) for any 2 € R\ {0}. Now it follows from the generalized Tkeda-Watanabe
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formula and Lemma 6.2.1 that

rp(t @, @) — 1) (L @, 2)
= E, [t >7p, Xm € H(x) \ D;plfj () (t — TE,X%L,(E)}

t
= [ [ oBsmads [ et - sz adedy
D Jo H(z)\D

¢
< 62"”/ / p%(s,x,y)dS/ Ty, 2)Dhy (0 (t = 5, 2, ) dzdy
pJo H(2)\D
= ™[, [t > 79, X0 € H(z)\ D;p%(m)(t - T%,X,rg,.%‘)}

= emt (r%(t,x,m) - r%(x) (¢, CL‘,Q?))

tl/a tl/a o
< 2mt” v yd+5-1 Al
> ce td/a <(5D($)> 2

Lemma 6.3.5. There exists ¢ = ¢(d, ) > 0 such that
0
2¢1/a
/ T ey (b @, ) — 1 /%1 OD|fi (1, u)du < ct?/ ¢~
D\Dro/Z 0

Proof. Using the scaling relation (6.2.3) we get

/ TH )t @, z)de
D\Dy /2
T0/2
= [ s
0

TQ/Q
= OD, |t fhr (1, u/t ) du
; H

o 2tl/e
g/ ag—dla / 10D 10| FE (1, w)du.
0
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It follows from Corollary 6.2.7 that ||0D,| — |0D|| < Qddz(lJaDl < 22df3|D| for any ¢ < rp/2. Hence
0

/ "H@) (&2, @) ftl/at_d/a/%l/a |OD| £ (1, u)du
D\Dr0/2 0

_To_

/o
{1/o=d/o / 0D, el — 10D £ (1, w)du
0

IN

IN

o0
cth/‘Xt*d/o‘/ wfi(1,u)du
0

62t2/at_d/a.

IN

Lemma 6.3.6. There exists ¢ = c¢(d, ) > 0 such that

T

40;
th/eg=d/a / |OD|fa (1, w)du — tV/ ot~/ / OD| (1, u)du < ct®/ =Y,
0 0

Proof. It follows from Lemma 6.2.1 that

tl/at—d/a/ |OD| i (1, u)du—tl/at_d/a/tl/a OD| £ (1, u)du
0 0

_ ay=d/a / 0D (1, w)du
)

otl/a

_ ey d/0‘|8D|/ (1, ) du

Qtl/a

e?mtl/ag=d/egp) / 191, u)du
o
/o

IN

For g > ro/(2t1/") we have f%(1,q) < cq~ 4 < ¢g~2. Hence

00 0 1/a
/ fa (1 u)du < C/ e

2 -
0 0 T
atl/a otl/c q 0

and the result now follows.

(o] oo
Lemma 6.3.7. ltilrg/ fim(1,u)du :/ o1, u)du
0 0
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Proof. This follows immediately from the continuity of m +— r7}(¢,z,y) and the dominated

convergence theorem. O

Proof of Theorem 6.1.1 Combining Lemmas 6.3.1, 6.3.2, 6.3.3, 6.3.4, 6.3.5, 6.3.6, and 6.3.7,

we immediately arrive at Theorem 6.1.1. O

6.4 Proof for Bounded Lipschitz Open Sets

In this section we always assume that D is a bounded Lipschitz open set in R?. The argument
of this section is similar to previous section and [4]. We will follow the argument in [4] closely,
making necessary modifications for relativistic stable processes. Note that even though the main
theorem in [4] is stated for a Lipschitz domain, it remains true for a bounded Lipschitz open set.

First we need two technical facts which play crucial roles later. The first proposition is [4,

Proposition 2.9] and we will state it here for reader’s convenience.

Proposition 6.4.1 (Proposition 2.9. [4]). Suppose that f : (0,00) — [0,00) is continuous and
satisfies f(r) < c(1 Ar=P) for some > 1. Furthermore, suppose that for any 0 < Ry < Ry < 00,

f is Lipschitz on [R1, Rg]. Then we have

Jim, % /D f <5D7§"”)> do = H41(0D) /Ooo F(r)dr.

Lemma 6.4.2. Suppose that f : (0,00) — [0,00) is continuous and satisfies f(r) < ci(1Ar=P) for

some 8 > 1. Furthermore, suppose that for any 0 < Ry < Ry < 0o, f is Lipschitz on [Ry, Ra]. Let
{f":n > 0} be continuous functions from (0,00) to [0,00) such that, for any 0 < L < M < oo,
lin% f1(r) = f(r) uniformly forr € [L, M]. Suppose that there exists ca > 0 such that f(r) < caf(r)
n—

for allm < 1. Then we have

lim 1/Df" (‘b(x)> dr = H¥"H(OD) /OOO f(r)dr.

n—0+ 1 n

Proof. Let ¢,(r) = n~'|{z € D:ép(z) < nr}|. Note (cf. proof of [14, Proposition 1.1]) that
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ty(r) < c for all m,r > 0 and that

i f<5D7§$)>d:v= | s
(2 i

It was shown in [4, Proposition 2.9.] that, for any 0 < R; < Ry < oo and 1 > 0, f satisfies

and

; 1f(?“)dwn(r) < cRy, (6.4.1)
i, (r)dip(r) < en '+ cRy7, (6.4.2)
Ry
Ry Ro
lim Fr)dipy(r) =HTHDD) [ f(r)dr
n—=0t JR, Ry

Since f7 < cof for n < 1 we have the same inequalities as (6.4.1) and (6.4.2) for f7, n < 1. Hence

it is enough to show that

Ro R>
lim F(r)dipy (1) = HEL(OD) F(r)dr

n—0t JR, Ri

For any partition Ry = xg < 1 < -+ < &, = Ra of [Ry, Ra], we have

Z F(@) ($n(3) = n(@io1) = D f () (Wnli) — %(%-1))‘

i=1

Z |f7(2i) — f(@i)] (Yn(:) — Pn(zio1))

” f’l —f ||L°°[R1,R2] ¢n(R2)

IN

Note that for any 1 > 0 the function r — 1, () is nondecreasing and for any n > 0, r > 0 we have
(1) < cr for some constant c. Since f7 — f uniformly on r € [Ry, Ry], taking supremum for all

possible partitions gives

Ra

Ro R>
lim Jr(r)diy(r) = Tim [ f(r Ydipy(r) = RN OD) [ f(r)dr

"7—>0+ R1 Ry R1
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Lemma 6.4.3. For any 0 < L < M < oo, p™(t,x,y) converges uniformly to p°(t,z,y) as m — 0
for (t,x,y) € [L, M] x R% x R4,

Proof. Note that

m — —i§(y—z — m2/@)a/2 —t|g|e
’p (tam7y)7p0(t7x7y)‘ = }(27(-) d/Rde §(y )<€ t((‘§|2+ ’ ) ’ )76 t‘El )dg'

< d/
Rd

—d

o~ iE(y— m) o~ t(([E24m2/ @) 2—m) _eftlé\aﬂdg

o t((EP+m?/)/2—m) _ e~ eI ge

IN

\

Rd
= (2m) d(pmt (t,0) — p°(t,0)).

Now it follows from Lemma 6.3.2 that for ¢ € [L, M] and z,y € R%,

‘po(t,.’lf,y) —pm(t,x,y)}

—le® © (mt)"
—d/a —d_ mt& 2/ € (mt) / —g~
4/ (2m) e S (mi) /Rd de&Z I

n=1

€ = (mM)" a
< L—d/a 2 —d% M 2/a/ e / —[€l .
< (2m) 5 (mM) o e ¢ + 321 ] » e d¢

IN

The last quantity above converges to 0 as m — 0. O

For convenience, we define the following notation.

Lemma 6.4.4. For any 0 < L < M < oo and m > 0,
%in% i) = £5(1,7),  uniformly in r € [L, M],
ry

that is, given € > 0 there exists tg > 0 such that for 0 <t <ty we have

sup |7’Z”(1, (r, 6), (r, 6)) — r?{(l, (r,0), (r, O))’ <e.
re[L,M]
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Proof. Recall that r%(t,z,y) = E,[r% < t,p°(t — T?I,XT%, y)] and 7 (t, x,y) = Eo[r)} < t,p™(t —

T X;Zn, y)]. Tt is well known that

t

0 o —d/a
p(t,x,y)At /\|£U7y‘d+a.

Since |X2 — (r,0)| > L, we have, together with Lemma 6.2.1,

1 -7
(1—TH,X00’(7‘ 0)) < L‘”f’
tm(q _ Xt 0)) < ml— T;Jm
p ( 7-H ’ tmv(rv )) > ce Ld+a .
Now take 7 small so that
E {1 — o <7 < 1P — iy, XY (7‘,()))} < (6.4.3)
E,s) [1 & < T < 1, pm(1L — Xttm,(r,()))} <e. (6.4.4)

Now let V™ be a Lévy process with Lévy density o = J — J™ and define T™ := inf{t > 0 :
"™ £ 0}. Then V™ is a compound Poisson process and T™ is an exponential random variable

with parameter m and independent of X (See [49]). Then we have

By [TH" < 1= 0, 0™ (1 = off", X1, (r,0))]
- E, )[Ttm>1 m 1§y, ptm (1 — Tl ,Xttm,(r,()))]

+ B [T < Lrh < 1= 8,0 (1= i, X1, (1,0))]

Since p"™(1 — 7l ,th’}n, (r,0)) < L{Ha, we have

emt

E.5 [Ttm <17 <1 — 6y, p"™(1 — 7 Xtm, (r, ()))} < cm(l —e ™), (6.4.5)
Similarly we also have
- 1 _
Ei.o) [T < 1,78 <1-061,p°(1 = 737, X7, (r,0))] < craa(l—e my, (6.4.6)
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Take t; > 0 such that (6.4.5) and (6.4.6) is less than ¢ for all ¢ < ¢;. Next note that for 7™ > 1

and T M < 1, we have 7" = 7'10{ and Xﬁ?ﬁn = X(T)0 . Hence it follows that
H H

(5 [Ttm > 1l < 1= b1, p™ (1 — ", X0 (r ,()))}

~Egg [T > 1,7;} <1=81,p°(1 = 7, X5, (,0))| |

IA

Epg [T > 1,7 < 1= b0, [ (U=, XY, (,0)) = 20— 7y, X5y (1, 0))]

(s, y) = p(s, 2, y)]- (6.4.7)

IN

sup  |p
s€[61,1],z,y€R?

It follows from Lemma 6.4.3 that there exists to > 0 such that sup,ers, 1), yerd [P (5, 7,y) —
p°(s,z,y)| < e for 0 <t < ty. Now let tg = t; Aty. Then for any 0 < t <ty we have from (6.4.3),

(6.4.4), (6.4.5), (6.4.6), and (6.4.7)

[ (1, (r,0), (r, 0)) = iy (1, (r,0), (r, 0))]

= |E(r,(~)) [T;Jm < 1ap (1 - T ,Xttﬂw (Ta 6))] - E(r,()) [7—19] < ]-apo(]- - Tl%ngg, (T’ 6))”

< Bl > 7" > 1= b1, 7 < Lp™ (L — 7 X0, (r,0)]] +
E.51 > i > 1—01, 7 < 1,p°(1 _TH7X007(T oIl +
By [T <1 < 1= 60, (1= off", X0 (,0))] |+
B [T < 1y < 1= 00,0701 = 7, X0 (r,0)] |
HE g [T > 1y < 1= 01,5 (1= 7§y, XY, (1,0))]
—E(g) [T > 1y < 1= 81,0001 = 7, X0 (1,0))] |

< e

O

As in [4], we need to divide the Lipschitz open set D into a good set and a bad set. We recall

several geometric facts about the Lipschitz open set.

Definition 6.4.5. Let ¢, > 0. We say that G C 0D is (g,r)-good if for each point p € G, the
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unit inner normal v(p) exists and
B(p,r)NdD C{z: |(z —p) - v(p)| <elz—pl}.

If G is an (g,r)-good subset of D, then using this definition we can construct a good subset G

of the points near the boundary:

g = U FT(p?6)7

peG
where T'(p,e) = {2 : (x — p) - v(p) > V1 — 2|z — p|} N B(p, 7).
The next lemma is [4, Lemma 2.7] and it says the measure of the set of the bad points near
the boundary is small. Note that even though [4, Lemma 2.7] is stated for a bounded Lipschitz

domain, the proof remains true for a bounded Lipschitz open set.
Lemma 6.4.6 (Lemma 2.7 in [4]). Suppose ¢ € (0,1/2), r > 0 and that G is a measurable (g,r)-
good subset of OD. There exists so(0D,G) > 0 such that for all s < sg
{z e D:dp(x) <s}\G| <s [del(ap \G) +¢ (3 + del(aD)ﬂ .
The next lemma is about the existence of a good subset G C 9D. Again the lemma remains true
for a bounded Lipschitz open set D.

Lemma 6.4.7 (Lemma 2.8 in [4]). For any € > 0 there exists r > 0 such that an (g,7)-good set
G C 9D exists and
HITHOD\ G) < e.

The two lemmas above imply that
{zeD:dp(x) <s}\G| <se (4 + Hd—l(ap)) .

For any ¢ € (0,1/4), we fix the (e, r)-good set from Lemma 6.4.7 and construct G from G. We
choose r to be smaller than the minimal distances between (finitely many) components of D. For

any = € G, there exists p(z) € 0D such that € I'y(p(x),e). Next we define inner and outer cones
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as follows

I (p(x)) = {y : (y — p(x)) - v (p(z)) > ely — p(x)|} N B(p(x),7), (6.4.8)
U (p(z)) ={y : (y — p(x)) - v (p(x)) < —ely — p()[} N B(p(x),r). (6.4.9)

It follows from [4, (2.20)] that there exists a half-space H*(z) such that
xe€ H*(x), Op+@m(z)=20dp(x), I (p(x)) C H"(z)C U, (p(x))°. (6.4.10)

Now we are ready to prove Theorem 6.1.2.

Proof of Theorem 6.1.2. Fix ¢ € (0,1/4), the (g,7)-good set from Lemma 6.4.7 and the G

constructed from G. From the definition of the trace we have

—td/o‘/Drg”(t,x,x)dx:td/a/D(prﬁ(t,fE,m)—pm(ta%z)) dx

_ td/azg(t) _ td/a/ pm(t, T, CL‘)deJ
D
D
= 0 Zg() = CDl+ 7 [ ((ta,3) = (1. 2)
D

Hence it follows from Lemma 6.3.2 that in order to prove Theorem 6.1.2 we must show that for

given ¢ € (0,1/4) there exists a ¢ > 0 such that for any 0 < ¢ < #o,

< e(e)tV/e,

td/a/ PPt x)de — CoHH(OD)t®
D

where ¢(¢) — 0 as e — 0. As in the proof of [4, Theorem 1.1.] we split the region of integration

into three sets

Dy={xe€eD\G:dp(x) < s},
Dy={xeDNG:ip(x) < s},

D3 ={z € D:dp(x)> s},
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where s must be smaller than the sg given by Lemma 6.4.6. For small enough ¢ we can take
s =t/ /e,
It is shown in [4, (3.2) and (3.4)] that
td/o‘/ rO(t,z, x)da < c(e)t!/® (6.4.11)
D1UD3

where ¢(g) — 0 as € — 0. Hence it follows from Lemma 6.2.1 and (6.4.11) that

td/o‘/ PRt @, z)de < c(e)e?™ . (6.4.12)

D1UD3

Now we deal with the integral on Dy. Let H*(z), I, (p(x)), Uy (p(x)) be defined by (6.4.8), (6.4.9)
and (6.4.10). We have

I (p(x)) € H*(x) € Uy (p(x))°.

Since 7 is less than the minimal distances between components of D, we also have

Iy (p(z)) € D C Uy (p(x))°.

Since I, (p(z)) C Uy (p(x))¢, By an argument similar to that used in Lemma 6.3.4 we have

B (t@,@) = i (b o)

IN

(o)) (68 T) =TT (p(aye (t: 2, 2)

eth (r%(p(w)) (t, Z, x) - T'gT(p(I))c(t, Z, x)) . (6413)

IA

Now it follows from [4, Proposition 3.1.] and (6.4.13) that

td/a/
Do

< ce’™ (Elfa/Q \Y \/;?> HIL(OD) /000 (rid*gﬂ A 1) dr.

rp (@, ) = Tt ac)’ dx
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Finally we will show that the integral

td/a/ () (8 T, ) d
Do

gives the second term CoH41(dD)t!/* plus an error term of order ¢(g)t'/®. Recall that

Tﬂ]}*@)(@%@ = fﬁ*(tvéH*(ac)) = f;—[n(taéD(x))

Hence we have

4d/a / Py (2, @) da
Do

e [, op(x))de
D2

(/e / F(t, bp())da — 19/ / £t 8p(@))da
D

D1UD3

By an argument similar to that used to get (6.4.12) we have that

g4/ / St 6p())dz < c()tV/e,
D1UD3

where ¢(e) — 0 as e — 0. From the (approximate) scaling property of the relativistic stable process,

we have

td/a/ fi(t,0p(x d:n—/ Fi(L, 6p () /) da

Now apply Lemmas 6.4.2 and 6.4.4 to the function r — f*(1,7) and we get for small enough ¢

’/ L1, 6p(x)/t*)de — CoHTH(OD) Y| < et?/e,
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